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Abstract 


We study the patch dynamics on the whole plane and on the half-plane for a 
family of active scalars called modified SQG equations. These involve a parameter 
OL which appears in the power of the kernel in their Biot-Savart laws and describes 
the degree of regularity of the equation. The values a = 0 and a = \ correspond 
to the 2D Euler and SQG equations, respectively. We establish here local-in-time 
regularity for these models, for all a G (0, p on the whole plane and for all small 
a > 0 on the half-plane. We use the latter result in 16 , where we show existence 


of regular initial data on the half-plane which lead to a finite time singularity. 


1 Introduction 


Two of the most important models in two-dimensional flnid dynamics are the (incom¬ 
pressible) 2D Enler eqnation, modeling motion of inviscid flnids, and the snrface qnasi- 
geostrophic (SQG) eqnation, which is nsed in atmospheric science models, appearing for 
instance in Pedlosky 23 . In the mathematical literatnre, the SQG eqnation was hrst 
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discussed in the work of Constantin, Majda, and Tabak [^. Both these equations (the 
former in the vorticity formulation) can be written in the form 

dtu + {u ■ V)uj = 0, (1.1) 

along with initial condition a;(-,0) = Uq and the Biot-Savart law u := V-*-(—A)“^+“a;. 
Here V-*- := {0^2, —and the Euler and SQG cases are obtained by taking a = 0 and 
a = |, respectively. Note that the Biot-Savart law for the 2D Euler equation is therefore 
more regular (by one derivative) than that of the SQG equation. 


Global regularity of solutions to the 2D Euler equation has been known since the works 
of Wolibner and Holder [^. The necessary estimates barely close, and the upper 
bound on the growth of the derivatives of the vorticity is double exponential in time. 
Recently, Kiselev and Sverak showed that this upper bound is sharp by constructing an 
example of a solution to the 2D Euler equation on a disk whose gradient indeed grows 
double exponentially in time 17 . Some earlier examples of unbounded growth are due 
to Yudovich 15,29 , Nadirashvili [^, and Denisov [^[^, and exponential growth on a 
domain without a boundary (the torus T^) was recently shown to be possible by Zlatos 
[^ . On the other hand, while existence of global weak solutions for the SQG equation 
(which shares many of its features with the 3D Euler equation — see, e.g., (6|[l^[^) was 


proved by Resnick 26 , the global regularity vs hnite time blow-up question for it is a 
major open problem. 


Both the 2D Euler and SQG equations belong to the class of active scalars, equations 
of the form (1.1) where the fluid velocity is determined from the advected scalar u itself. 
A natural family of active scalars which interpolates between the 2D Euler and SQG 
equations is given by (1.1) with a G (0, \) in the above Biot-Savart law. This family has 
been called modihed or generalized SQG equations in the literature (see, e.g., |^, or the 
paper 24 by Pierrehumbert, Held, and Swanson for a geophysical literature reference). 


The global regularity vs hnite time blow-up question is still open for all a > 0. 


While the above works studied active scalars with sufficiently smooth initial data, an 
important class of solutions to these equations arises from rougher initial data. Of par¬ 
ticular interest is the case of characteristic functions of domains with smooth boundaries, 
or more generally, sums of characteristic functions of such domains multiplied by some 
coupling constants. Solutions originating from such initial data are called vortex patches, 
and they model hows with abrupt variations in their vorticity. The latter, including hur¬ 
ricanes and tornados, are common in nature. Existence and uniqueness of vortex patch 
solutions to the 2D Euler equation on the whole plane goes back to the work of Yu¬ 
dovich 30 , and regularity in this setting refers to a sufficient smoothness of the patch 


boundaries as well as to a lack of both self-intersections of each patch boundary and 
touching of diherent patches. 
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The vortex patch problem can be viewed as an interface evolution problem, and singu¬ 
larity formation for 2D Euler patches had initially been conjectured by Majda 18 based 
on relevant numerical simulations by Buttke [^. Later, simulations by Dritschel, McIn¬ 
tyre, and Zabusky 10,11 questioning the singularity formation prediction appeared, and 
we refer to 25 for a review of these and related works. This controversy was settled in 


1993, when Chemin proved that the boundary of a 2D Euler patch remains regular for 
all times, with a double exponential upper bound on the temporal growth of its curvature 
(see also the work by Bertozzi and Constantin for a different proof). 


The patch problem for the SQG equation is comparatively more involved to set up 
rigorously. Local existence and uniqueness in the class of weak solutions of the special 
type = X{x 2 <ipixi,t)} with ip G C°° and periodic in xi, corresponding to (single 

patch) initial data with the same property, was proved by Rodrigo (^. For SQG and 
modihed SQG patches with boundaries which are simple closed curves, local existence 
was obtained by Gancedo via solving a related contour equation whose solutions are 
some parametrizations of the patch boundary (uniqueness of solutions was also proved for 
the contour equation when a G (0, |), although not for the original modihed SQG patch 
equation). Local existence of such contour solutions in the more singular case a G (|, 1] 
was obtained by Chae, Constantin, Cordoba, Gancedo, and Wu [^. Finally, existence of 
splash singularities (touch of exactly two segments of a patch boundary, which remains 
uniformly H^) for the SQG equation was ruled out by Gancedo and Strain 

A computational study of the SQG and modihed SQG patches by Gordoba, Fontelos, 
Mancho, and Rodrigo (where the patch problem for the modihed SQG equation hrst 
appeared) suggested hnite time singularity formation, with two patches touching each 
other and simultaneously developing corners at the point of touch. A more careful nu¬ 
merical study by Mancho suggests self-similar elements involved in this singularity 
formation process, but its rigorous conhrmation and understanding is still lacking. 
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In this paper, we consider the patch evolution for the modihed SQG equations, both 
on the whole plane and on the half-plane, and prove local-in-time regularity for these 
models (for all a G (0, ^) on the plane and for all sufficiently small a > 0 on the half¬ 
plane). Our motivation is, in fact, primarily the half-plane case because in the companion 
paper we show existence of hnite time blow-up for patch solutions to the modihed 
SQG equation with small a > 0 on the half-plane. To the best of our knowledge, this is 
the hrst rigorous proof of hnite time blow-up in this type of huid dynamics models. 

Let us now turn to the specihcs of the model we will study. We only consider here 
the case a G (0, ^), and we concentrate on the half-plane case D := M x M’*'. This is 
both because this case is our main motivation, and because the proofs are more involved 
(in fact, the whole-plane proofs are essentially contained in the half-plane ones). The 
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corresponding patch evolution can then be formally dehned via the Biot-Savart law 


for X E D, along with the requirement that uj is advected by the flow given by u, that is, 

=a; (<h“^(x),0) , (1.3) 


where 

— ^tix)=u{^tix),t) and $ 0 ( 0 ;) = x. (1.4) 

Here := (^ 2 , —Ui) and v := (ui, —^ 2 ) for v = (^ 1 ,^ 2 ), and we note that the integral in 
) equals V-*-(—A)“^+"a; (up to a positive pre-factor, which can be dropped without 
loss due to scaling), with the Dirichlet Laplacian on D. The vector held u is then 
divergence free and tangential to the boundary dD (i.e., U 2 {x,t) = 0 when X 2 = 0). 



We have to be careful, however, with the rigorous dehnition of the evolution because the 
low regularity of the huid velocity u need not allow for a unique dehnition of trajectories 
from (1.4) when a > 0 (existence will not be an issue here because u 
We introduce here the following Dehnition 


1.2 


is continuous 
which, as we discuss below, 
encompasses various previously used dehnitions. We start with a dehnition of some norms 
of boundaries of domains in letting here T := [—vr, tt] with ivr identihed. 


for a < 2 


Definition 1.1. Let D C 6e a bounded open set whose boundary dO. is a simple 
closed curve with arc-length We call a constant speed parametrization of dfl 

any counter-clockwise parametrization 2 ; : T —)■ of dLl with \z'\ = on T (all such z 
are translations of each other), and we define ||D|| and ||D||_f/m ;= ||2 ;||h"*- 


Remark. It is not difficult to see (using Lemma [3~4| below), that an D as above satishes 
< 00 (resp. i|D||//m < cx)) precisely when for some r > 0, M < 00 , and each 
X G dkl, the set dkl fl B{x,r) is (in the coordinate system centered at x and with axes 
given by the tangent and normal vectors to dQ at x) the graph of a function with 
(resp. H'^) norm less than M. 

Next, let dufL) T) be the Hausdorh distance of sets T, T, and for a set T C vector 
held n : r —)■ and h G M, we let 


X()[T] := {x + hv{x) : X G T}. 

Our dehnition of patch solutions to (1. 3-11 ^ on the half-plane is now as follows. 
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Definition 1.2. Let D := M x M’*', let 9i,... ,9j\f G \ {0}, and for each t G [0, T), let 
Qi(t),... ,flN(t) CD be hounded open sets whose boundaries dflkif) are pairwise disjoint 
simple closed curves, such that each dflkif) is also continuous in t E [0,T) with respect 
to du- Denote dD{t) := 

N 

■.= '^9kXQUt)- ( 1 - 5 ) 

k=l 


If for each t G (0,T) we have 

dn 

lim — 

h^O 


(dD{t + h),X^^,^^^[dD{t)] 
h 


= 0 , 


( 1 . 6 ) 


with u from (1.2), then uj is a patch solution to ( |1.1 )-(1.2) on the time interval [0,T). 
If we also have supjgjg.T'] < oo (resp. supjg[o,r'] < ooj for each k 


and T' G (0,T), then oo is a (resp. H^) patch solution to (1.1)-(1.2) on [0,T). 


Remarks. 1. Continuity of u (which is not hard to show, see the last claim in the 


elementary Lemma 3.1 below) and (1.6) mean that for patch solutions, dll is moving 
with velocity u{x,t) at t G [0,T) and x G dfl(t). 

2. We note that our definition encompasses well-known definitions for the 2D Euler 
equation in terms of (1.4) and in terms of the normal velocity at dll. Indeed, if u 


satisfies dQk{t) = ^t{dLlk{0)) for each k and t G [0,T) and the patch boundaries remain 
pairwise disjoint simple closed curves, then continuity of u, compactness of dQ{t), and 


(1.4) show that a; is a patch solution to (1.1)-(1.2) on [0,T). Moreover, if dfl(t) is 


and nx,t is the outer unit normal vector at x G dkl{t), then it is easy to see that (1.6) is 
equivalent to motion of dQ{t) with outer normal velocity u{x,t) ■ nx,t at each x G dQ{t) 


(which can be defined in a natural way by (1.6) with «(•, t) replaced by («(•, t) ■ n.^fjn.^t)- 
However, Definition 1.2 can be stated even if <hi(x) cannot be uniquely defined for some 
X G 912(0) (when a > 0, this might even be the case for x ^ 912(0), as the hypotheses of 
Proposition |l.3[a) below suggest) or when 912(f) is not . 


3. As we show at the end of this introduction, patch solutions to (1.1)-(1.2) are 


also weak solutions to (1.1) in the sense that for each / G C^{D) we have 


^ J u{x,t)f{x)dx = 


oj{x,t)[u{x,t) ■ Vf{x)]dx 


(1.7) 


’D 


for all t G (0, T), with both sides continuous in t. Also, weak solutions to (1.1)-(1.2) which 


are of the form (1.5) and have boundaries 912^(2:) which move with some continuous 
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velocity v : x (0,T) —)■ (in the sense of (1.6) with v in place of m), do satisfy 


( 1 . 6 ) with u (hence they are patch solutions if those boundaries remain pairwise disjoint 
simple closed curves). Finally, |flfc(t)| = |flfc(0)| holds for each k and t G [0,T). 

4. In the 2D Euler case a = 0, it is not difficult to show using standard results of 


Yudovich theory that if lj{x, 0) = Ci;o(x) is as in Dehnition 1.2, then there exists a unique 


global weak solution oo to (1.1), and it is of the form (1.5), with dklk{t) = <Ft(c?Dfc(0)). 
Remark 2 then shows that if the patch boundaries remain disjoint simple closed curves, 
u is also a patch solution to (1.1)-(1.2) on [0, oo). Moreover, uj must be unique in the 
class of patch solutions (if it belongs there) because these are also weak solutions. 
In 16 we prove that the patch solutions in the 2D Euler case are globally regular. 


Therefore, since the Euler case is well-understood, we will only consider a > 0 here. 


Note that Dehnition automatically requires patch boundaries to not touch each 
other or themselves. If this happens, the solution develops a singularity. Also note 
that the dehnition allows for, e.g., C Qi{t) and 62 = —Oi, and then Ylk=i^kXnk{t) 

represents a non-simply connected patch. Finally, we will say that a; is a patch solution 


to (!.!)-(1.2) on [0,T] if it is a patch solution to (1.1)-(1.2) on [0,T') for some T' > T. 


Before we turn to our main results, let us address the relationship of the how maps 


from (1.4) to the patch solution dehnition (1.6). Note that since u is smooth away from 
dQ (see Lemma 3.2 below), <Fi(a;) remains unique at least until it hits dQ (in the Euler 


case, <Ft(x) is always unique because u is log-Lipschitz), after which it still exists but 
need not be unique. The following result shows, in particular, that for a < | and patch 
solutions with sufficiently smooth boundaries, this remains true for any x E D \ 9D(0) 
until time T. 


Proposition 1.3. Let uj be as in the first paragraph of Definition 1.2. For x G D\clD(0), 
let tx G [0,T] be the maximal time such that the solution of (1.4) with u from (ig 
satisfies E D \ dfl{t) for each t E [0,fa;). Then we have the following. 


(a) If a E (0, |), 7 G (yif^,!]? u is a patch solution to (1.1)-(1.2) on [0,T), 

then tx = T for each x E D \ dLl{0) and : [D\ 912(0)] -E [D\ 912(t)] is a bijection 

for each t E [0, T). 

(b) If a E (0, 1), tx = T for each x E D \ 912(0), and <Ft : [D \ 912(0)] -E- [D \ 912(2)] 


is a bijection for each t E [0,T), then uj is a patch solution to (1.1)-(1.2) on [0,T). 
Moreover, 4*^ is measure preserving on Z)\ 912(0) and it also preserves the connected 
components of D\ 912. Finally, we have 


<l>t(912fc(0)) = 912fc(2) 


( 1 . 8 ) 
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for each k and t G [0,T), in the sense that any solution of (1.4) with x G 5f2fc(0) 
has $t(x) G dflkit), as well as that for each y G dflkif), there is x & 5f2fc(0) and a 


solution of (1.4) such that 4>i(x) = y. 


Remarks. 1. Since H^{T) C C'^’^(T), we see that when a < |, this result applies to 
the patch solutions from our main result below. 

2. We do not know whether this result holds for 7 < 


Let us call the initial data Uq for the problem (1.1)-(1.2) patch-like if 


N 

k=l 


with 9i,... ,9 n E M\{ 0 } and floi, 


, floAf ^ D bounded open sets whose boundaries are 

Notice 


pairwise disjoint simple closed curves. That is, uo is as u{-, 0) in Dehnition 1.2 


also that if 0) = ^kXUkio) Dehnition 1.2 and u{-, 0) = Uq, then N' = N, 


and (up to a permutation) 9'f. = 9^ and 11 ^( 0 ) = Dq/c for each k. 

Here is our hrst main result, local existence and uniqueness of patch solutions to 
(1.1)-(1.2) on the half-plane D = M x M"*" for small a > 0. Recall that uniqueness for 


patch solutions with a > 0 was previously only proved within a special class of SQG 
patches on with C°° boundaries in 27 


Theorem 1.4. Let a G (0, ^). Then for each patch-like initial data uq, there exists 
a unique local patch solution oj to (1.1)-(1.2) with a;(-,0) = uq. Moreover, if the 
maximal time of existence of u is finite, then at either two patch boundaries touch, 
or a patch boundary touches itself, or a patch boundary loses regularity. 


Remarks. 1. The last claim means that either dQk{Tuj) H dQi{Ti^) 7 ^ 0 for some k ^ i, 
or dflkiTu) is not a simple closed curve for some k, or ||f 2 fc(f)||j :/3 = 00 for some 

k. Note that the sets dVtk{T^J) := lim^/^'r^ (with the limit taken in Hausdorff 

distance) are well dehned if < cx) because u is uniformly bounded (see (3.1)). In fact, 
an argument from Lemma 4.10 yields dH{dfl{t),dfl{s)) < ||M||L<=o|f — s| for t,s E [0,Ttj). 


2. The last claim further justihes our dehnition of patch solutions because it shows 
that a solution cannot stay regular up to (and including) the time but stop existing 
due to some artihcial limitation stemming from the dehnition of solutions. 


3. We show (see Corollary 4.7) that is bounded below by a constant depending on 
a, N,\\u\\]:^oo, and the quantity |||{Dofc}^i|||j |^3 from Dehnition 4.6 (the latter expresses 
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how close the initial patch boundaries are to touching each other or themselves, and how 
large their norms are). 


4. Note that Remark 3 after Dehnition 11.21 shows that the above solution is also the 


unique weak solution to (1.1)-(1.2) from the class of functions which are of the form (1.5) 


and have boundaries dQk{t) which are disjoint simple closed curves and move with 
some continuous velocity n : x (0, T) —)• (in the sense of (1.6) with v in place of u). 


5. The hypothesis a < ^ may well be an artifact of the proof, as it only appears in 


the application of the technical Lemma [2.3| in the existence part. The rest of the proof 
applies to all a G (0, |), so it is possible that the result extends to at least this range. 

As we mentioned above, our method also works on the whole plane, where non-existence 
of a boundary allows us to treat all a G (0, |). In this case we again use Dehnition 
but with D := and the how is given by 


1.2 




(1.9) 


instead of (1.2). Our second main result is the corresponding version of Theorem 1.4 


Theorem 1. 5. W ith D ;= and (1.2) replaced by ( 1.9| ), Proposition \l. Up holds as stated 
and Theorem 1.4\ holds with a G (0, 2 )- 


The paper is organized as follows. In Section we derive a contour equation corre¬ 
sponding to the patch dynamics for ( | 1 . 1 )-( 1 . 2 ) on the half-plane D = M x M’*' and prove 
that it is locally well-posed for all a G (0, ^). The proof largely follows that in for 
the whole plane, but the presence of the boundary dD will require us to introduce sev¬ 
eral non-trivial new arguments. We therefore present it in detail. In Section]^ we prove 
some auxiliary estimates on the huid velocity and on the geometry of the boundaries of 
sufficiently regular patches. These are then used in Section to show that the contour 


solution in fact yields a unique patch solution to (!.!)-(1.2), and Theorem 1.4 will fol¬ 
low. 


Some more delicate estimates on the fluid velocity generated by sufficiently regular 
patches are obtained in Section and these are then used to prove Proposition 1.3 
conclude Section and the paper with the proof of Theorem 1.5 


Proof of Remark 3 after Definition \1.S\ Since V ■ m = 0 in D \ dfl{t) and u is continuous, 
the right-hand side of (|1.7) is 


N 

1^=1 J dflkh) 


9k[u{x,t) ■ n:^^t]f{x)da{x) 







































This equals the left-hand side of (1.7), which can be seen by noticing that the area of the 

-x'l) 


rectangle with vertices a:, x', x' + hu{x' ^ t)^x+hu{x^ t) is \x—x'\[u{x^ t)-nx^i\h+o{\h\\x- 
if x,x' G dflkit) (because u is continuous), and then taking x,x' to be successive points 
on a progressively hner mesh of dQk{t) (as well as letting h —)■ 0). Finally, continuity of 


the right-hand side of (1.7) in time follows from continuity of dilk in time in Hausdorff 


distance and from boundedness of u ■ V/, which is due to / G C^{D) and (3.1) below. 


Next, if a weak solution of the form (1.5) satisfies (1.6) with some continuous v in 


place of u, then the above computation applied to smooth characteristic functions / of 
successively smaller squares centered at any fixed x G dfl{t) yields 


\x — x'\[v{x,t) ■ nj.^t]h + o(|h||x — a;'|) = \x — x'\[u{x,t) ■ nx^t]h + o(|h||a: — x'l). 
Hence v{x, t) ■ = n(x, t) ■ rix^t, so dVl{t) being shows that (0 holds with u as well. 


Now £x any r G [0,T) and let / in (1.7) be 1 on some open neighborhood of 
and with its support having positive distance from 517(r) \ dQki^)- Then continuity of 


dil in t and V ■ u = 0 show that for all t close to r, the right-hand side of (1.7) equals 



9k[u{x,t) ■ Vf{x)]dx 


’dflkit) 


[u{x,t) ■ nx,t]da{x) = 0. 


Thus f{x)dx is constant in all t near r because it equals 9'^^ u{x, t)f{x)dx. Since 
also / q ^( j )(1 — f{x))dx is constant in all t near r (because the support of 1 — /(x) has 
positive distance from we obtain that |f7fc(t)| is constant on an open interval 

containing r. This holds for all r G [0,T), hence |f7A:(^)| is constant on [0,T). 


We note that for the 2D Euler equation, the definition of weak solutions via (1.7) can 

Theorem 3.2], and that it easily implies 


be found, for instance, in 21 


a;(x, T')g{x, T')dx— / a;(x, 0)5f(x, 0)(ix = 


’ D 


’ D 


'Dx{0,T') 


a;(x, t)[dtg{x, t)+u{x, t)-'Vg{x, t)]dxdt 


for all r G [0,T) and g G C\D x [0,T']). 


□ 


Acknowledgment. We thank Peter Cuba, Giovanni Russo and Lenya Ryzhik for use¬ 
ful discussions. We acknowledge partial support by NSF-DMS grants 1056327, 1159133, 
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2 Local regularity for a contour equation and small a 


We will derive a PDE 


X Mq , and one 


This section is the first step towards the proof of Theorem 1.4 
whose solutions are time-dependent curves on the half-plane D = 
expects the latter to be some parametrizations of the patch boundaries dQk{t)- We will 
then prove local regularity for this contour equation in the main result of this section, 
Theorem 2.8 (which is the half-plane analog of its whole plane version from ^). We 
will later show in Section using some crucial estimates derived in Section [3, that the 


solutions of the contour equation indeed yield patch solutions to (1.1)-(1.2 


2.1 Derivation of the contour equation 


Let us first derive our contour equation. Assuming that we have an patch solution 


to (1.1)-(1.2), let us parametrize the patch boundaries by 

= {zfcK.t) = (4K,i).4K.‘)) : -f e T} C £|. 


( 2 . 1 ) 


with each Zk{-,t) running once counter-clockwise along dflkit). We do this so that at 
t = 0, the curves Zk{-, 0) all belong to H^(T), and are non-degenerate in the sense of the 


right-hand side of (2.8) below being finite for f = 0. Of course, even when all Zk{-, 0) are 


given, the choice oi Zk{-,t) is not unique. Hence, we will have to be careful when choosing 
our contour equation for the Zk- While our choice is similar to the case of the whole plane 
in 12 , the boundary dD creates some new terms, so we present the derivation below for 


the sake of completeness. 

Let X G dflkit) and let n{x,t) denote the outer unit normal vector for flk(t) at x. We 
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use the Biot-Savart law to compute the outer normal velocity at x as follows: 


Un{x,t) 


u{x, t) ■ n{x, t) 


N 


i=l 

N 

-E»- 


i=l 

N 


f 

{x — y) ■ n{x, t)^ 

{x — y) ■ n{x, t)-^ 

J fli 

\x — 1/ 2+2« 

\x — ^ 2+2a 

f 

{x — y) ■ n{x, t)^ 

{x — y) ■ n{x, t)-^ 

J 

\X — 1 / 2 + 2 a 

\x — 1/ 2+2a 




2=1 




n{x,t)^ ^ n{x,t) 


|a; —j/P" \x — y\ 


2a 


dy 
dy 

dy (since h"* 


N 

E 

2=1 


2 a 


'dQi 


n{y,ty ^ n{y,t)^ 


|a: —I/P" \x — y\ 


2a 


n(x, t)da{y). 


(since ■ v = —u ■ u"*") 
(since u ■ v = u ■ v) 



( 2 . 2 ) 


Using (2.1), we conclude that the normal velocity at x = Zk{^,t) G is 


N 


Un{x,t) = 


- V,t) 




'■^^ 2 aJj [\zk{^,t) - Zi{^ - ^ \zki^,t) - Zi{^ - 

(2.3) 

Intuitively, one can add any multiple of the tangent vector d^Zk{^, t) to the velocity with¬ 
out changing the evolution of the patch itself (this does affect the particular parametriza- 
tion Zk, though). Hence, we will use as the contour equation for dflkit) the equation 


N 


dtZk{^,t) = 


9, 


2=1 


d^Zki^, t) - di:Zi{^ -V,t) d^Zk{^, t) - di:Zi{^ - r], t) 


^2a Jj[ \zk{^,t) - Zi{^-r],t)\ 


2a 


\zk{^,t) -Zi{^-r],t)\ 


2a 


drj. (2.4) 


(This particular choice of the tangential component of dtZk will allow us to derive (2.12) 
below.) To simplify the notation, we let y] := Zi and yf := E, so (2.4) becomes 


^ ^ n r 

i=l m=l 


9i f d^Zki^, t) - %r(^ - V, t) 


dr]. 


(2.5) 


Note that while our y-^ is the negative of y-^ from ll^, we have parametrized the curve d^i 


in the opposite direction as well. Therefore our half-plane contour equation (2.5) is similar 
to that in the whole space D = p)^, which however only contains the m = 1 terms. 
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2.2 A priori estimates for the contour equation and small a 


Let us first define some norms and functionals of the patch boundaries Z{t) = {zk{-, t)}k=i 
which we will need in order to establish local well-posedness for the contour equation: 


N 


k=l 


wmfrn + \\aM;t)\\h)- 


\\Z{t)\\c2 := max max \\dizk{-,t)\\Lo 

l<k<N 0<j<2 ^ 


6 [Z{t)] := min < min min \zi{^, t) — Zk{ri, t)|, 1 

i^k C,r;ST 


F[Z{t)] := max 


max 


sup 


\v\ 


l<k<N Zki^^ Vi^')\ 


,1 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 


Note that the if^(T)-norm above is equivalent to the usual dehnition, where ||^fe(-,t)||ioo 
is replaced by ||^fc(-,f)||^ 2 - We also let 6 [Z{t)] = 1 if = 1. Finally, let us dehne 

\\\Zm := ||Z(f)||^3 + 6 [Z{t)]-^ + F[Z{t)]. (2.9) 

Note that ||| ■ ||| is not a norm, but this will not affect our arguments. Our goal is to 
obtain an a priori control on the growth of |||Z(f)||| for smooth solutions. We will show 
that if a G (0, ^) and Z{t) solves (2.5) with |||Z(0)||| < oo, then |||Z(f)||| will remain hnite 


for a short time. This follows from the main result here, the estimate (2.31) below. To 


prove it, we will now obtain bounds on the growth of the terms constituting |||Z(f)|||. 


The evolution of ||:2fc(',^)|| l°° and 6 [Z{t)] ^ 


The evolution of these terms is controlled via the following lemma. (A better bound, on 
the velocity u rather than on dtZk, will be provided in Lemma 3.1 below. However, since 
we will also need to work with regularizations of (2.5), for which we do not have (1.2), 
will not be sufficient here.) Let us denote 0 := 


Lemma 


3.1 


Lemma 2.1. For a G (0, |) and Sk[Z(t)]{^) the right-hand side of (2.5) we have 


\\Sk[Zit)]\\L^ < 


dvr© 


a(l — 2 a) 


(mt)]-'+ F[Z{t)]f°\\Z{t)\\c^. 


Proof. In the integrands of Sk[Z(t)]{f), the numerators are bounded above by 2 ||Z(t)||c 72 , 
and the denominators are bounded below by either 5[Z(f)]^" or F[Z(t)]“^"|r 7 p". The 
claim now follows by a simple computation. □ 
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Thus 


^max||zfc(-,t)||io 


< 


47r0 


«(! — 2a) 


(iiz(«r‘+F|z(()i)"”iiz(()iic., 


while \-i5[Z{t)] \ is bounded by twice that, so we have 


imt)]-' 


< 


Svr© 


{S[Z(t)\-'+ F[Z(t)\f*^ \\Z(t)\\o, 


a{l — 2a) 


( 2 . 10 ) 


( 2 . 11 ) 


The evolution of \\d^Zk{-.,t)\\L 2 


In the following computation, let us assume that each Zk € x [0,T]) for each 

T < oo (by which we mean that d^f^^^Zk G C(T x [0,T]) whenever a,b,c,d G {^, t} and 
at most one of them is t). This will be sufficient because we will eventually apply the 
obtained estimates to a family of regularized solutions which do possess this regularity. 
Then for 1 < k < N we have 


d 




EE-/ 3fa(?,() . al ( 

( 2 . 12 ) 


2=1 m=l 


Oi J 


Here we used that 


d: 


^ Jt \zk{^,t) -vTi^ -V,t)\^'^ 


drj = 


'n3 ( 


dr], 


which is obvious for i ^ k as long as 6[Z{t)] > 0, and for z = fc it follows from Zk G 
and 2a < 1 via a triple application of the Leibnitz integral rule. 


We will analyze the right hand side of (2.12) separately for i ^ k and i = k. For the 
sake of clarity we will omit the t dependence in the rest of this argument, since all the 
estimates of the right hand side of (2.12) are done at a hxed time t. We will also omit Z 
in S[Z{t)] and F[Z{t)], instead writing just 6 and F. 


Step 1: Contribution to (2.12) from the i k terms. For i k and m = 1,2, the 
integral on the right hand side of (2.12) can be written as X]j=o where 


4 ”:., := / dIzkiO ■ 


i3-i 


Ij2 


diVTii-d)) di{\zk{i) - vTii - d)\ dr]di. 




T2{i,v) 
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The j = 2 term is the easiest to control, where we directly use 


|Ti| < 2 ||Z||c 2 < C\\Z\\h^ and < C{a)5-^-^-{\\Z\\c2 + 1)' 

to obtain 

For j = 1 we have a similar estimate for T 2 , so 

iy‘,il ^ C(a)S-^-'‘^(\\Z\W + 1)" [ [la|zi({)r + |3h‘(0 ■ SfsrK - >))ll didi 

Jt2 l -I 

<C{a)5-^-^-{\\Z\\c. + inZ\\l,. 

For j = 3 we have |Ti| < 2\\Z\\c2 and 

IT 2 I < Cia)6-^-^'^\dlz,i0 - dlvni - V)\ + C{a)5-^-^<^(\\Z\\c. + l)^ 

so that we obtain (also using ||2’ 11(^2 < C\\Z\\Hd.) 

lyVal < C(a)||Z||o. (r‘-2“||Z|||,. + r'^-^-'‘{\\z\\c^ + 1)“||Z||„,) 

< C(a)r=>-^”(||Z||c» + lf\\Z\\l,. 


For j = 0, we split the integral as follows: 



^01 I 02 


Integration by parts in ^ yields 

JT 2 

(2.13) 

Since i9||/™(^ ~ v) = ~ v)^ integration by parts in rj also yields 


l/n^l — 


i^ym-v) 


\zk{0-yri^-vW^' 


< C(a)S-^-^-\\Z\\cjZ\\lz. 


(2.14) 
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Thus for i ^ k, the integral on the right-hand side of (2.12) is bounded by 


C{a)S-^-^‘^{\\Z\\c. + mZ\\l,. 


Step 2: Contribution to (|2.12l) from the i = k terms. An argument as in 12 


see 


the bound just below (24) in [^) shows that the integral on the right-hand side of (2.12) 
with i = k and m = 1 (that is, = Zk), is bounded by 

However, the term with i = k and m = 2 (that is, T/j" = z^), creates some new difficulties. 
Nevertheless, we will be able to obtain for it the almost identical bound (2.27) below. 
(Also, as the reader can easily check, the argument in the case m = 1 is essentially a 
subset of the argument below for m = 2.) 


Using the notation from 12 and writing z = Zk, the integral in (|2.12|) with i = k and 

dyd^. 


m = 2 becomes Jq -|- 3/i -|- 8/2 -|- /a, where 

■= Ilk ,3 = f %(0 ■ - v))dl(|^(0 - - v)\ 


'T 2 


For j = 0 we have using u ■ v = u ■ v and a change of variables. 


h = / dlz{i) • 




- r]) 

k (0 - Ki - h)P“ 


dydi = / d^z{i) ■ -p 


dfzi^i) - - r]) 


'T 2 


^(0 


drjd^ 


= / dlz{^ - y) • Ivd^- 


/T 2 


-h) - 


This, an integration by parts in and a change of variables now yield 


l/nl = 




d'lziO - dim - V) 


2a 

< — 
- 4 




dfziO - dim - v) 


dmim) - dim - m 


drjd^ 


m) 

A \dmo-dmv)\ 


di]d^ 


^ “ A + labMP) \p : PP 

< 2 ai|Z ||^3 max f Tm,v)dv- 


(2.15) 


T3{^,V) 


^eT 


The above computation is similar to that in 12 , with the latter having z in place 
of 7 (which is our case m = 1). In that case the numerator of T 3 is bounded above 
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by ||Z||( 721 ^ — r^l, and the denominator is bounded below by F ^ giving 

\T 3 {^,t])\ < F^+^"||Z||( 72 |^ — Since 2a < 1, this now yields a bound on Iq. 

In our case m = 2, the lower bound for the denominator continues to hold because 

k (0 - Kv)\ > k (0 - 4v)\ > ^”^ 1 ^ - hi- (2-16) 

However, we no longer have the same estimate for the numerator. With the notation 
^(0 = the second component of the numerator becomes + d^z^{ri), 

which need not converge to 0 as ^ —)• 0. The following lemma will help us instead. 

Lemma 2.2. If j & [0,1] and 0 < / G then for any G T we have 

l/'K)l < (2.17) 


We present the proof in Section 2.4, Note that the power of f{f) is sharp, and that 


Sobolev embedding and (2.17) show for 0 < / G H^{T), G T, and a universal ^<0x3, 




(2.18) 


Lemma 2.2 with /(r/) 


^ 0 (together with |^ — < vr) now yields 


l%(0 - %(h)l < - d^z{7])\ + \d^z{r]) - d^z{r])\ 

= l%(0 - %(h)l + 2|5^^^(h)| 

< l|Z|lcH«->)l+2||Z|ll"yi^ 

< cdiziic.+1) (vwn+\/i*(?)-%)i) 

<2C(\\Z\\c> + l)F^'^\z(0-z(r,)\'/\ 


Then 

nev) < 2CF‘'"(||Z(|o^ + l)|z(0 - S(r,)|-"”-‘'" 
< 2CF‘+="(||Zj|c. + 1)1? - 


(2.19) 


( 2 . 20 ) 


which is integrable in r] (uniformly in when a < Plugging this into (2.15) yields 


/ol<C(a)F‘+2»(||Z||c. + l)||Z||),. 


for all a < I. 
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For j = 1 we notice that 

h = - 2 a [ dIziO ■ (a|^(0 - (e - v)) 


{d^zjO - d^z{^ - T])) ■ (^(0 - z{^ - r])) 


drjd^ 


^ -2a i - „). - „) - .|.-(o) 


'T 2 


where we used a change of variables (switching ^ and ^ — rj) and u ■ v = u ■ v. Thus 


Ji = -a / |9|z(0 - dlz{i - r])\ 


IJ2 


2 (%(0 - - v)) • (z(0 - z{^ - T])) 

k (0 - 


drjd^. 


So I III is bounded by twice the second line of (2.15), and it obeys the same bound as 

141- 

The estimates for I 2 and Is will be slightly more involved. For j = 2 we have 


l/h = 


Ij2 


dfziO ■ (a|;^(0 - dpi^ - v))dl{\z{0 - m - v)Ppdvd^ 


< 2\\Z\ 


C 2 




\dl{\z{0-m-ri)rp\dv 


( 2 . 21 ) 


1,2 


T4(S) 


so we need to bound ||T 4 || 2 , 2 . A simple change of variables and z = (z^, —z"^) yield 


IT 4 I < C{a) 
< C{a) 


+ 


f l%(0 -%(h)P 

Jt 

■ r \d^z{0 - d^zjrip 

Jt 

\dlzi0 - dlziv)\ 


dr] + 
dr] + 


r IdpiO - dlz{v)\ 

't k(0 -z{r] J+‘^» 

f \d^z\vp 

't k(0 - z{r])\^+^^ 


dr] 


dr] 


“V"™ 

mo 


( 2 . 22 ) 


't k(0 -z{r])\^+^^ 


dr] + 


\dlzHri)\ 


h \z{i) -2(i;)|i+2“ 


dr] 


~mo 


The hrst and third of the last four integrals can be controlled in the same way as in 12 


Indeed, the numerator in the hrst term is bounded by ||Z ||^2 |^ — so the integral is 
bounded uniformly in ^ by C{a)F‘^~^^°‘\\Z\\p due to 2 a < 1 (its L^-norm, as a function of 
then satishes the same bound). As for the third term, let us change the r] variable back 
to ^ — r], so that the numerator equals \r] Jq dp(^ — sr])dsj. The Minkowski inequality 
for integrals then shows that that term’s L^-norm is bounded by 


^l+ 2 o 


/Tx[0,1] 


idpU-sr])j 


dsdr] 


\v\ 


2a 


< ^l+ 2 o 


L 2 (t) 


'Tx[0,l] \JT 
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that is, by C(a)F^+^"||Z||j :^3 for all a < 

To deal with T 5 and Tg, let us hrst dehne their regularizations 

rr.e,c^.- f 


m) ■■= 


h (k (0 -^(h)l +e)^+^" 


dr] and T|(^) : = 


It (k(0 -2:(h)l +e)^+2a 


dr]. 


We will show that ||T||| 2,2 and ||Tg||L 2 are uniformly bounded as 0 < e —)■ 0, so that the 
monotone convergence theorem then yields the same bounds for ||T 5 ||i 2 and ||T 6 ||/, 2 . 


Let us start with T|. From (2.16) and | 2 ;(.^) — z{r])\ > z^{r]) > 0 we have 


n‘«)<c(a) [ 

Jt [z^[r]) + e)i^ 


THr,) 


Young’s inequality for convolutions now yields 


IITIIU2 < C{a)FT-. 


+2a 


r 


Li 




with the L^-norm hnite provided a < ^. The following will help us estimate ||T 7 || 2 , 2 . 
Lemma 2.3. There is C < 00 such that if /3 ^ [0, and 0 < / G H^{T), then 


for any n > 1, as well as 


f if'ior 

It 

f 

Jt fiO^ 


di<C^ 


f -/3 


di<C\\ff„/. 


(2.23) 


(2.24) 


The proof is also presented in Section 

mwh = 

so that 


2.4 


Now ( |2.23| ) with n = 4 and /9 = | yields 


z^iO + e)^ 


■df < C^ll^l 




IITJIU. <C(a)Fn+=“||Z||“, 

for all a G (0, ^) and e > 0. Thus the same bound holds for ||T 5 ||^ 2 . 
An almost identical argument for Tg gives 

lirilli. < c(a)FH+=‘>||rH-="|u.||r||u,, 
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with T|(0 := I2:^(01 (-^^(0 + From (|2.24[) we again obtain 


IIFilli. <qi^ll^3, 

which yields for ||T 6 ||i 2 the same estimate as for ||T 5 ||i 2 . We therefore have 

IIT4IU2 < C'(a)F2+2“(||Z||c2 + m\Z\\H^ + 1) 

(also using || 2 ’||c 2 < C||Z||ji^3), so that (2.21) hnally yields for all a < ^, 


(2.25) 


I/ 2 I < C{a)F^^^^{\\Z\\c 2 + 1)2(11^11^,3 + 1)||Z||h3. 


Finally, for j = 3 we obtain after differentiating inside and changing variables, 


/3|<C'(a) / |%(0-%(h)l 


'-JT2 


i^i^(or+i%(h)i 


-drjd^ 


Ij2 


15^(01 


|(9|^(0 - dlz{T])\ |agz(0 - d^zir])]"^ 
k (0 -^(h)| 2 + 2 “ 


drjd^ 


(2.26) 


Ij2 


15^(01 


i%(o -%(^)r 

k(o -^(h)P+ 2 « 


drjd^ 


The hrst integral already appeared in (2.15) and hence obeys the same bound as Jq. We 
then apply (2.19) squared to each of the other two integrals (removing |9g2;(0 — 9^^(?7)p 
from the numerator and 12^(0 ~ ^(h)l from the denominator) and hnd out that they are 
bounded by ||Z||„3F(||Z||c'2 + 1)^ times the L^-norm of the expression in the middle of 
(2.22). That latter norm is bounded by the right-hand side of (2.25), so that in the end 
we obtain 


IJ3I < C'(«)F3+2 «(||z||c2 + 1)3(||Z||„3 + 1)||Z||„3 


for all a < 


Thus for i = k, the integral on the right-hand side of (2.12) is bounded by 

C(a)f=>+2«(||z||o, + 1)"(||Z1|„, + 1)||Z||„,. 


(2.27) 


This, the analogous estimate for i = k and m = 1 from the beginning of Step 2, the 
estimate from Step 1, and Lemma 2.1 now yield for any a E (0, ^) and 0 := \^k\, 


d 


;^||Z(()ll„. < C(a)Afe (i[Z(()]-‘ + F|Z(()|)"+"“ (||Z(«)||c. + l)’(l|Z(i)l|H3 + l). (2.28) 


dt 
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The evolution of F[Z{t)] 


For any k = 1,..., N and any (^, A G T with A 7 ^ 0, we have (again dropping t from Zk) 
d |A| 


dt - A)I 


^ |A| \dtZkiO - dtZki^ - X)\ ^ - dtZki^ - A)| 


\zkiO - 


|A| 


(2.29) 


Using (2.5) and the mean valne theorem, we can estimate 

N 2 


77 ^ / |A|snp 

T ?eT 


\dtZkiO -dtZki^- X)\ < 

j=l m=l ^ At 


f d^ZkiO - - 7]) 

\\zk{i)-ym-v)\^^ 


dr] 


^ 2a|%fc(o-%r(^-h)r 


kfe(0 - yri^ - ^)l^“ l^kiO - yTii - 

< C(a)e|A| (A[Z(«r‘ + F|Z(()|)‘+"“ (||Z(()||c. + 1)7 


where in the last ineqnality we nsed ( 2.19[) to control the last term on the second line for 
i = k and m = 2. Plngging this into (|2.29[) now yields 


d 


;^F|Z(()| < C(a)e (A[Z(()]-‘ + F|Z(()|)"+"“ (||Z(()||c. + 1)7 (2.30) 


dt 


Finally, this, (2.28), (2.10), and (2.11) imply for a E (0, ^), 


||||Z(«)|||<C(a)Afe|||Z(()||| 


7 + 2 a 


(2.31) 


2.3 Local well-posedness for the contour equation and small a 

Uniqueness of solutions 


Let W = (tCi,... ,tCAr) = Z — Z ioi classical solutions Z and Z to (2.5) on some time 
interval [0,T], with sup^g[o^r](|||^(t)||| + |||Z(t)|||) < oo and Z(0) = Z(0) (here we require 
that dtZ is continuous in {^,t) for classical solutions). Then for any k = 1,..., and 
t E [0,T] we have (with the argument t again dropped) 


d f 

— Ilwfcll^a = 2 j Wk{i) ■ dtWkiOd^ 


N 


Oi k ... f d^ZkiO -d^yTii -v) d^ZkiO - 9^yri^ -v) 




2=1 m=l 


O' J 2 


V l^kiO - yri^ - 14(0 - yri^ - 


drjdk,- 


(2.32) 
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The last integral equals + B]^-, where with w] := wi and w~ := Wi, 

AZ-f MOiBMO-dtyTiS-’i)) ( ^ ^ 

JT 2 


\zkiO - yTi.i - ^)P“ |5fc(0 - yTi.i - 


dr]di, 


T^m _ f -rj) ^ 

Let us hrst estimate When i ^ k, the term inside the parentheses is easily 

bounded by C{a) min{(5[Z], 5[Z]}~^~‘^'^(\wk{i)\ + — ri)\), so 


\AZ\ < C(a 


+ lliz|ll)"+‘"“inr|ii,. 


For i = k and m = 1, A^- is controlled the same way as in 12, p. 13-14], yielding 

\Ay<C(a)(\\\Z\\\ + \\\Z\\\f+^\\W\\l, 

for a < Finally, for i = k and m = 2, the following almost identical computation, 
(2.19), and — 1| < |x — 1| for x > 0 yield the same bound for a < |: 


\Aik\<mpm 


.2a 


3 _ 2a 

^ ^ 2 




| 4(0 -Zk{i-v)\ 
kfc (0 -Zk{i-y)\ 

14(0 - 4(C -h)l 


2a 


Ip I ^dr]di 


kfc(0 - Zk{i-y)\ 


IpI ^dr]d^ 


< lll^l 


< IIIZI 


.2a 


.2a 


If 2 


If2 


|wfc(0l 14(0-4(^-0l - kOO-^fc(^-0l 1^1 " 


kfc(0Kkfc(0l + kfc(^-^)l 1^1 " '"d'qdi 


<C'(a)(|||Z||| + |||Z| 


\2+2a 




(2.33) 


Next we control B'^^. When i k, we split it into two integrals: with d^Wk{^) and with 
d^wY^{^ — p), respectively. After integrating these by parts in ^ and in p, respectively 
(similarly to (2.13) and (|2.14)), we obtain 


BZ\ < C(a)SlZ]-'-^-‘\\Z\\cJW\\l, < C(a)\\\Z\ 


.2+2a 


2 

L 2 - 


For i = k,we symmetrize the integrand similarly to the equation before (2.15) and obtain 

| 2 ^ 


rym _ 

^k,k ~ ■ 


- 


i4(o-^r(e-oi 


2a 


-drjd^. 
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Integration by parts now yields 


\B^A < ^ / l».(?) - »r(? - 


a 

2 ./t2 


/ /■ A , I mt M2^ \di^k{0 - diyk{v)\ 

<a/^(KK)l 


4(0 

drjd^ 


< 2a||bb||i2max / f^{i,vi)dr]. 

4ei 




The bounds on T3 from the discussion after (2.15) (for both m = 1,2) equally apply to 
T™ and yield for m = 1 and a < |, as well as for m = 2 and a < |, 


mM<C{a)\\\zf*"“\\W\\ 


2 

L2- 


Combining all the obtained bounds on and now yields 


|liw(i)ll!. < C(a)ive(|||z(«)||| + |||z(«)|||)^+^"||»'(«)||i. 


(2.34) 


for a < |. Gronwall’s inequality then shows ||hT(t)|42 = 0 for t G [0,T], hence Z = Z. 


Existence of solutions 


Similarly to 19, Chapter 3], once we have the a priori control (2.31) on the growth of 


|||Z(f)|||, solutions to the contour equation (2.5) will be obtained as limits of solutions to 
an appropriate family of mollihed equations. We will need to be careful, however, that 
the solutions of the latter do not exit D. 

Consider any initial condition Zq = with zofc : T —)■ 5 for all A; = 1,. .., iV 

and M := |||.^o||| < 00 (then also M > 2). We let 4>e{^) '■= e“^0(e“^^) for some molliher 0 
which is smooth, even, non-negative on T, supported in [—1,1], and satishes Jj(j){^)d^ = 
1. For k = 1,..., N, we regularize (2.5) to 


N 


9, 


* zm, t) - »vrm - 


3,zt(it) Y.Y.2a m » zim,t)- 


2=1 m=l 


(2.35) 


with 62 := (0,1), a large constant C{a) > 0 to be chosen later, and initial condition 

^*^(0) = { 4 (‘) 0) + ^62}^! = { 4 >e * ZQk + £62}^! = (jde* Zq + 662- 
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The convolutions are all taken in the first variable only, and the last term in (2.35) will 
ensure containment in D. 


Step 1. We now prepare the setup for an application of the Picard theorem to hnd a 
solution of (2.35). Consider the Banach space B := with the norm || ■ ||j:/3 and 

let h[Z] := infi<fc<jv&^gTbe the infimum of the a:2-coordinates for Z G B. Then 

:={Z e B : |||Z||| < A and h[Z] > 0} 

(with A > 2) and its closure (in B) satisfy the following claims. 

Lemma 2.4. Each is an open set in B. 


Proof. This follows from \\Z — Z\\loo < C\\Z — Z'^us and 
F[Z]-^ - F[Z]-^ 


< 


kfc(0 -^fc(h)l j4(0-4(h)l 


5,r?eT 

1<A:<7V 


< sup 

l<k<N 


l^-^l \^-r]\ 

l<k<N 

|(^fc(0 - 4(0) - i^kiv) - 4(h))l 


l^-^l 

< \\Z-Z\\c^<C\\Z-Z\\h^, 


for some universal C* > 0. 


(2.36) 


□ 


Notice that 

{Z e B : |||Z||| < A and h[Z] > 0} C C {Z G 5 : |||Z||| < A and h[Z] > 0} 


Indeed, the second inclusion follows from the proof of Lemma |2.4[ To see the hrst 
inclusion, notice that any Z with |||Z||| < A and h[Z] = 0 can be approximated by 
Z + (762 € with cr > 0, which converges to Z in 5 as a —)■ 0. 


Lemma 2.5. If Z E and e G (0, CqA (with a universal Co> 0), then (f)^*Z E 

Proof. We obviously have h[(j)^ * Z] > h[Z] and \\4>^ * Z\\jj3 < for all e > 0. Since 

(fe is supported in [—e, e], we have also (with a universal C > 0) 

||0,*Z-Z|4oo <e||Z||ci <C'e||Z||^,3. 

Then * Z] > 5[Z] — 2CeA > ^S[Z] for Z G and e G (0, 4^^)- Also, (2.36) yields 
\F[<P, * Z]-i - F[Z]-^\ < 110, * Z - Zllci < 6i|Zi|c2 < C'e||Z||^,3, (2.37) 

so again F[0, * Z] < 2F[Z] for Z G and e G (0, ^ 
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Let us denote the right hand side of (2.35) by 
with IIIZIII < cx) dehne 


In general, for any Z G B 


N 2 


GHZ] “EE 


2=1 m=l 


2a 


where 


= * E] + O(«)0eM3+2“e2, 

(2.38) 

d^ZkiO - d^yTi^ - v) , 

koo- 2 /r(e-or 

(2.39) 


Note that the parameter M in ( |2.38 ) is independent of Z and is tied to the initial data 
for which we are trying to establish existence. 

We have the following estimates for these operators. 

Lemma 2.6. There is C{a) > 0 such that for any Z,Z E O^, any fc, i, m, and a < \, 

<C{a)A^*^“\\Z-Z\\c^. (2.40) 

L°° 


Proof. Let Wk := Zk — Zk, as well as := Wk and vf. := Wk- Then 


,2 _ 


mizm-mm) 


< 


+ 


drj 


f IdjWkiO - if - r])\ 

f -%r(c-h)i f \zkio - -v)\ 

V 14(0 - ym - vW^ VI^OO - ym - v)\ 


2 a 


-1 


drj 


< C{a)A^'^\\Z - Z\\ci + C(a) 42 + 2 “||E - Z\\l^ 

< C{a)A^+^^\\Z - Z\\ci, 

where similarly to (2.33), we used \x‘^°‘ — 1| < |a; — 1| for a; > 0 and (2.19) (for m = 2) to 


bound the second integral by 

r ca^/^z-z\\l^ 


14(0 - ^r(e - vw^izkio - ym - 


dr] < C{a)A^+^‘^\\Z - Z\\l. 


for a < |. 


□ 


Lemma 2.7. If Z,Z G and e G (0, cqA (with cq from Lemma 2.5), then 
\\Gl[Z] - Gl[Z]\\cr. < G{a,n)Qe-^-^A^+^^\\Z - Z\\l.. 
for any k, integer n > 0, and a G (0, |). In particular, G% : -E B is Lipschitz. 
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Proof. It is easy to check that maps to B for any e > 0. The properties of 0^ and 
Lemma 2.6 now yield 


9 

\\G%[Z\ - G%[Z]\\c. < * Z] “ » Z\h' 

2=1 m=l 

< C{a,n)Qe-^{2Af+^^(j), Z||ci 

< C'(a,n)0e-"-^kl2+2«||Z - Z\\lo.. 


The last claim follows from taking n = 3 and nsing \\Z — Z\\lcx> < \\Z — Z\\h3. □ 


Step 2. Let Co := min{co(4M) 1}, with cq from Lemma |2.5| and M = |||2’o||| > 1. 
We then have |||^olll — * -^olll + e < 3M for any e G (0,eo), hence Zq G . Also, 

Lemma 2.7 shows that is Lipschitz on for any k and e G (0,eo). Lemma 2.4 and 
Picard’s Theorem applied in Banach space B thus gives us a solution Z'^{t) G to 
(2.35) with initial data Zq, on some short time interval [0,0] and in the integral sense. 
Then Lemma 12.71 with n = 0 shows 


sup ||G^[Z^(t)]||Lco < C'(a)0e-^M3+2a 
ie[o,t'] 

for each e > 0, so that : [0,0] —)■ L“(T) is Lipschitz. Another application of Lemma 


is Lipschitz on T x [0,0] for each n > 0. Since = x^(0,O) + Jg dtzKf, s)ds and 

Z^(0) G we have that Z^ G x [0,0]). 

This Z*^ can then be continued in time as long as it stays in , and we let be the 
maximal such time. We have Z^ G x [0,^^]) as above. We will therefore be able 

to apply the a priori estimates from the previous sub-section to Z*^, and show that is 
bounded below by some T(a, N, 0, M) > 0, uniformly in e G (0, Cq) (for all small a > 0). 

Using / /(^ * g)df = /(ip * f)gdf for any even 0, we now obtain (dropping t) 


2.7 


with Z and Z being Z' 


at different times shows that d^Gl[Z^ 


.)!(■) (.= did,4(;.)) 


d 

dt 






N 


EE 

2=1 m=l 


CX J ']['2 


dl 


(06 


* Xj 


;)(0-^ 


Vl(06*4)(O-(06*2/r)(0-r/)P“y' ^ ^ 


instead of (2.12). The estimates from the previous sub-section thus apply to Z'^ and lead 
to the analog of (2.28). Namely, for t G [0,0] and a G (0, A) we obtain 


Z^Whs < C'(«)iV0|||(0, * Z^)(t)||r+'“ < G{a)NQ{8MY+^^, 
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where the last inequality holds due to Lemma 2.5 and e < eo- The estimates for ||Z(t)||ioo, 
S[Z{t)]~^, and F[Z{t)] also extend to Z'^{t), with the hrst gaining an additional term due 
to the extra term in (2.35): 


|||z-(()lk" < c(a)e|||Z' 


l+2a 


+ C{a)QeM 


3 -|- 2 q 


So for e G (0,eo) (recall that Cq < 1 < M) and t G [0,^^] we have (with some C{a) < oo 
which also depends on our choice of C{a)) 


dt 


< C{a)NQM 


7 + 2 a 


(2.41) 


Since |||^olll < 3M, it will follow that we have a uniform in e G (0,eo) estimate > 
T{a, NQ, M) := > 0, as long as we can show that h[Z^{t)] = 0 

cannot happen for t G (0, T(q;, A^0, M)]. This will be ensured by choosing C{a) large 
enough (keeping in mind that (2.41) yields |||Z'^(f)||| < 4M for these t). 


Indeed, let us assume that Z^{t) G ^ jg minimal time for which we have 

G OD for some Symmetry shows (TT^ JZ’^(t)](^) + JZ^(t)](^)) • 62 = 0 for 

any z, thus (dropping t) 


N 2 


e^ 


s,4(() ■ ^2 = ( E E * 2‘l)(a ) ■ ej + C(a)e6Af 


3+2q; 


, 2=1 m=l 
N 2 


A- 


£ -EE ^ !(■#'<**Z‘1)(0 - ffSIk, *Z'KOI 


2 = 1 m=l 
N 2 

EE 

i=l m=l 


— H] 
2a 




* Z-](0 - HZIZ‘](0\ + C(a)eeM 


3 -|- 2 q 


=: -Ti - T2 + C{a)QeM 


3H-2q: 


We use ||0e * / — /||l°° < e||/'||Loo, (2.19), and \\\(j)e * Z'^jjj < 8M to bound 

N 2 






i=l m=l 
N 2 

s^EE 


2 q; 

e, 


\L°° 


Il0e * ^^Ilc2 


~r 1/ , ^\/^\ / I \ii 10., 


^ 2a A I (A * zim - {cj>, * yni^ - |(A * 4)(0 - (A * 

< C{a)QeM^+^^. 


On the other hand. Lemma 2T yields 

T2 < C'(a)0||0, * - Z^Wci < C'(a)0eM2+2“||Zic2 < C{a)QeM^+^^. 


26 










Hence 


dtzl{i,t) ■ 62 > (C(a) - C'(a)) 

which is positive if we choose C{a) > C{a). This yields a contradiction with our assump¬ 
tion that t is the first time of touch, so this choice of C{a) indeed ensures h[Z^(f)] > 0 
for e G (0, Cq) and t <T{a, NQ, M). Thus > T{a, iV0, M) for these e (with a < ^). 


Step 3. To obtain local existence of solutions to ( |2.5[ ), we take e —)■ 0 (with a < ^). 
Let e,e E (0,eo), consider Z := Z"^ and Z := Z'" solving (2.35), and let W = Z — Z. We 
have for t E [0,T] (with T = T{a,N&,M) > 0 from Step 2, and dropping t from the 
arguments) 


d 

dt 



2 / ■ d,wk(.m = A't + 5^ ^(4” + JZ'h 

-sis® 


where 

Kk := 2 C(«) 0 (e - [ WkiO ' es 

Jj 


while (by again using J fit'll; * g)d^ = f (tl) * f)gd^ for even -0) equals 





( d^i<Pe * Zk)iO - gg(0g * yr)i^ - v) 

V \i4>-e * Zk)iO - 


dd<pe * Zk){0 - gg(0g * yr)i^ -v) \ , 

i(0,*4)(o-(0.-*r)(e-^)PV ' ^ 


and equals 


WkiO ■ 


(A ^ [ ^€(0^ * ^fc)(0 - * yT){i -v) _ , /■ * ^fc)(0 - gg(0.- * yr)i^ -v) . \ 

h \{<i^e*zkm-{<i^e*ym-vw- ^ Jt m*zkm-{<i^-e*ym-vw- V 


We obviously have \Kk\ < C(a)0(e -f e)M^+2 “||W||l 2 (with a new C{a)). As 


m 


the above uniqueness argument estimating the right hand side of (2.32), only with all 
functions mollified by we obtain 


2 

L 2 


14™.I < C(a)(|||.#.f » Z\\\ + 111.^5» Z||y+^»||* » W\\h < C(a)J\4+'^“ 

for all fc, i, m, t. On the other hand, the bound 

Ue* f -(pe*g\\L^ < ||(0e-0e) */IU- + II0 €-* (/-^)||l“ < (c + ?) II/'IIL- + || / “ ^ || 


can be repeatedly used to show that the term in the parentheses in the definition of 
is bounded uniformly in ^ by 

C(a)(e+e) (||Z||c.||Z||c>lll'#>. » Z||r+"“ + \\Z\\cAU. » Z|f“ + ||Z||c.||Z||c4l||.^. » Z||| + |||.#... » Z|||)'+2“) 
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(here we also used (2.19) for 0^ * Zk). Hence 

I^EI <C'(a)(e + e)M=>+2»||W'|U, 

for all k, i, m, t, so we obtain 

^||fH(t)||L^ < C(a)iV0M3+2«(e + g+ ||fH(t)||^,) 

for all t G [0,T]. Since also ||iy( 0 )||i 2 < C{e + e)(||Zo||ci + 1) < CM{e + e), we get for 
any e,e E (0,eo), 

sup \\Z^{t) - Z^{t)\\L 2 <C{a,Ne,M){e + e). 
te[o,r] 

Hence converges in L°°([0, T]; L^(T)^) to some Z as e —?• 0. This and the estimate 
supjg[o,r] lll■^'^(^)lll — for all e G (0, Cq) then show that supjgjQj.] |||Z(t)||| < AM and 

lim sup ||Z^(t) — Z{t)\\Hs = 0 


e ^.0 


i6[0,T] 


for s < 3. We also obtain the same convergence in C^. This and sup^gjg.r] lll^^(^)lll — 
yield that the integrands in (2.35) converge to the integrands in (2.5) as e —?• 0, uniformly 


on compact subsets of T x (T\{0}) x [0, T] (i.e., with rj ^ 0; note that that the denomina- 

< AM). 


tors in (2.5) are uniformly bounded below by C{M) due to sup^gjQj.] 

Since the integrands are also uniformly bounded above by C{M)r]~‘^'^ for all small e (and 


2a < 1), it follows that as e —?• 0, the integrals in (2.35) converge to those in (2.5) uni¬ 


formly on T X [0,T]. Lemma 2.6 applied to Z{t) and its translate in together with 


suPtg[o,T] 111^(^)111 — 4M, shows that the integrals in (2.5) are Lipschitz in uniformly 
in f G [0,T]. Hence the integrals in (2.35) convolved with also converge to them uni¬ 
formly on Tx [0, T] as e —)■ 0. Thus dtzl (which is continuous) converges to the right-hand 
side of ( |2.5[ ) as e —)■ 0, uniformly on T x [0,T]. The latter is then also continuous on 
T X [0, T]. But since —)■ as e —)• 0, we see that dtZk exists and equals the (continuous) 


right-hand side of (2.5). Hence Z is a classical solution to (2.5) and obviously Z(0) = Zq. 


The above proves the following local regularity result for the contour equation ( |2.5 ) 
corresponding to the half-plane case D = M. x M+. 

Theorem 2.8. Let 6i,... ,6 n & ^ \ {0} and Zq = {zok}k=i ^ D)^ he a collection 

of (counter-clockwise) initial parameterizations of patch boundaries with |||Zo||| < oo (and 


from (2.9)j. For any a G (0,^), there is T = T(a, |6'fc|, |||Zo|||) > 0 such 


that there exists a unique solution Z = {zk}k=i lo (2.5) in L°°{[0,T]; H^{T, D)^) fl 


C^([0, T]; C(T, Z))-^) with Z(0) = Zq and supjgjg.T] lll■^(^)lll < ^ can he chosen 

to he decreasing in the last two arguments and so that sup^gjo^T] III■^(^) III — 4|||Zo|||. 


We note that by using an argument similar to that in 19, Chapter 3], we could prove 
that Z G C{[0,T]; H^{T, D)^), but we will not need this. 
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2.4 Lemmas on non-negative functions in H^{T) 

We now prove the results about nonnegative functions, used in the proof of local 
well-posedness for the patch equation in 


Proof of Lemma 2^. This is obvious for 7 = 0 so let us consider 7 G (0,1]. Reflection 
^ H-^ shows that it suffices to consider ^ G T such that f'{ff) > 0. For such ^ let 


e':=e 


f(0 

2||/||ci. 


1/7 


Then for any 7 G we have 


l/'(h)-/'(OI<ll/llci.. 


/'(O 


It follows that f'irf) > |/'(0 for all h ^ so 


/(O > /(O - /(^') > ^ 

nu-nu 2 ^1 2^+ynffJi 


The result follows. 


□ 


Let us now prove Lemma 2.3, We start with showing that if 0 < f e H\T), then 
f 2 ~^ G hF^’^(T) for small /3 >0. We were unable to find this result in the literature. 


Lemma 2.9. If I3 & [0, and 0 < / G H^(T), then 




(2.42) 


Proof. The integral on the left side of (2.42) is, up to a constant, the RR-norm of / a 




which we will bound as follows. Let < • • • < ^n-i < + 27r be a (finite) 

sequence of local extrema of /. If for any such sequence we can show that 




h-P 


i=l 


is bounded above by the right hand side of (2.42), we will be done 
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Using first / > 0 and concavity of the function ^ on (0, oo), and then Holder’s 

inequality with p = 2(| — and ^ = 1 — ^ = | + we obtain 




Z =1 




i=l 


2=1 


Y1 (1^*1^ 


\- l 3 ^ 2^2 ^ 2^2 


(2.43) 


P / " 5.1 




. 2=1 


. 2=1 


where hi := /(^j) — /(^i_i) and di := — ^j_i. Since J2i=id'i = 2vr, the second sum in 

the last expression is bounded above by (27r)2(i“^)5 as long as — /3)q > 1, which is 
equivalent to /3 < |. Since /? > 0, we have |(| — /9) < so it suffices to prove that 


Y,hld-^<[n2n)-^''Y\\ff„.. (2,44) 

2=1 


Since maxg 6 [ 5 ,_j,^.] \f{0\ > hdi and f{^i) = 0 = /'(6-i), we have 


. J/"( 0 I > 2 Mi 

Holder inequality and Rohe’s theorem for f (i.e., f"{^) = 0 for some ^ G yield 

IL - s (£. ^ i C.rh, '^"4 ^ f 


Summing this up over z = 1,..., n and using that | < [l0(27r)' -5/4]P gives ( [2H4l ). □ 


Proof of Lemma Multiplying (n—l)-st power of (2.18) with 7 = 1 by |/'(.^)|/(.^) ^ 
then integrating and using Lemma | 2 ffi yields with a universal C < 00 , 




This is (2.23). As for (2.24), we obtain via integration by parts 

fiono,, ,. ff'io^no 




dx < 


d^ 


T 

< Wfwmwj j ■ iiL 2 


+ P 


II/7-^IU2+/3||/|| 


T 

f 

T 


02 


di 


30 

























For any ^ e [0,1] we have ||/7 -^I|l«= < C'||/||y by with 7 := /3(1 - 

and ||(/')V"^“^IUi < C\\f\\];J^ by ([2:^ with n = 2. Sobolev embedding now yields 
(| 2 ^. □ 


3 Estimates on velocity fields and patches 


In this section, we prove some basic estimates on the flnid velocities for general uj, as 
well as on the geometry of patches (we will always consider 7 G (0,1]). Natnrally, 
the latter also apply in the case of the more regnlar patches. 


Lemma 3.1. For D 

L°°{D), we have 


X M+, a G (0, and u{-,t) from (1.2) with G L^{D) fl 


27r 

I7('7)IU“ ^ I — 2a 

and 

Stt 

I7('5< —7z -+ 2||a;(-,t)|7i. (3.2) 

— 2aj 

Furthermore, if u is weak-* continuous as a function from some time interval [a, b] to 
L°°{D), and is supported inside some fixed compact subset of D for every t G [a,b], then 
u is continuous on D x [a,b]. 


Proof. Let 7 : —)■ M be the odd extension of u}{-,t) to the whole plane. The velocity 

law (1.2) for x E D then becomes 


u{x, t) = 




(3,3) 


and (3.1) follows from 

\u{x, t)\ < 


\v{y)\ 


J\x-y\<l 

< llhlU“ ^ 

27r 

< 


|x - y\ 


\x-y\<l 


l+2a 


dy + 


\viy)\ 


\x - y\ 


1+2q 


'|a;-y|>l 

dy + 


\x-y\ 


l+2o 


dy 


Li 


l- 2 a 


I7('7)IU“ + 2|7(-, t)|7i. 
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To prove (3.2), consider any x,z E D with r ■.= \x — z\. Then 

\u{x,t)-u{z,t)\< j - — I 1 — \x^y^y)^y 

JB{x,2r) \x - Jb{x, 2r) \z “ 2/^+^" 

1 

Tl{y) dy 


f 

{x-y)-^ 

{z - y)^ 

jR' 2 \Bix, 2 r) 

\x — 1/ 2+2« 

\z — I/P+2" 


r* 3 r 


<4vr||r7||io 
. 127 r 

< 


1 — 2a 2ay 


s " ds + 32||r7||j;^oo / rs 
J2r 

32\ 

L^\X — Z 


-l-2a 


ds 




\l-2a 


Combining this with (3.1) yields (3.2). 


It remains to prove the last claim. Since the kernel in (3.3) is on any compact 


snbset of D, the assnmptions show that u is continnons in t G [a, h] for any hxed x E D. 
The claim now follows from nniform continnity of u in x E D, see (3.2). □ 


Remark. As is clear from the proof, the lemma remains valid in the more general case 


where u is given by (3.3) with uj{y,t) in place of ri{y) and u satishes the hypotheses of 
the lemma with D replaced by M^. 

The remaining resnlts in this section hold for a single time t, so we drop the time 
variable from the notation. 

Lemma 3.2. For a E (0, |) and u E fl let 

•= [ — %^^^y)^y- (3.4) 

\x-yY+^^ 

Assume that u = c in B{x, d), for some x E d > 0, and c G M. Then 

\Vu{x)\<C{a)\\u\\^d-^^, 

and more generally, for any spatial derivative of order n we have 

\D^u{x)\ < C'(a,n)||n;||ood^“^““”. 

Proof. Let 0 : M"*" -E [0,1] be a smooth fnnction with 0 = 0 on [0, |], 0 = 1 on [4, cx)), 
and 0 < 0' < 10. Let 


g{x) := 


{x - y)- 

\x - y\ 


2+2a 


\x - y\ 


uj{y)dy. 
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Then g = v on B{x, |) due to a; = c in B{x, d) and the mean zero property of the kernel. 
Hence 


|Vn(a:)| = |V^(a:)|<C(«)||a;i|, 


1 


_\x - y\ 


2 -|- 2 q: 


|x - y\ 


+ 


d J d\x — y\^+'^°‘ 


/ f\ x - y\ 

d 


dy 


M/2 


r-(i+2«)cir+ / d-V-2"dr 


/d/3 


/d/3 


< C(Q!)||a;||oo 

<C'(a)||a;|Ud-2“ 

The proof of the higher derivatives case is analogous. 


□ 


Let us now turn to patches. 


Definition 3.3. For a bounded open hi C whose boundary is a simple closed curve 

2 ;||c' 1,7 + F[z\, where z is any constant speed 

and F[z\ := max{sup^^^gT,$^^ 1}. 


1>7 


with arc-length |cir2| =: 2tiL, let 

parametrization of dfl from Definition 
We also denote by Up the outer unit normal vector for fl at P E dQ 


1.1 


Remark. We clearly have .2^0 = —Ln 


WY 


3.3, with 


Lemma 3.4. Let hi C be as in Definition 
R := and consider any P G dD. Then we have: 


1,7 


< A for some H > 1. Let 


(a) dDAB{P^R) is a simply connected curve. 

(b) In the coordinate system {wi,W 2 ) centered at P and with axes nf, and np, the set 
dVLA B{P^R) is a graph W 2 = /(wi) with |/(tci)| < AL~^~'^ A\wi\^~^'^. 

(c) For any Q G dD fl B{P, R), we have \np — ngl < 2L~^~'^A\P — Ql'*'. 

(d) If also Q F D, then for P = {pi,P 2 ) G dQ we have \np ■ (1, 0)| < 2L~^A'^pl'^^. 

Proof, (a) Let ^ be arbitrary and let P := ^(^o)- Since < A, we have 

—z\f) ■ Up > ^ for all f such that — ^o| < ■ Moreover, if — ^o| > , 

then z(0 ^ B{P, R) due to F[z] < A and the dehnition of R. 

(b) Let us write 2 :(^) = P + Wi(f)np + W 2 {C)^p- Then for any 2 :(^) G B{P,R), the 
discussion above gives —^ and thus |tci(0l ^ f 1^ ~^o|, where P = 2:(^o)- Since 
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^(Co) = 2;'(^o) ■ np = 0, we also have m(OI = ^2(0 “ ^^ 2 (^ 0 )I < Hence 

when z e B{P, R) (i.e., when have 


dW2 



dwi 


K (0 


L/2 - L/2 

Integrating this inequality gives \w 2 \ < 4(1 + 

(c) Let ^1 G T be such that Q = 2;(^i). From rip = —j^z'(^o) and Hq = we 

obtain 


Inp-ngl = lup-riol = 


± _ l^'(^o) - ;^'(6)l < Hl^o - 6r / 41(2|P - Q\/L) 


< 


< 2L-^-^A\P-Qp, 


where we also used |2;(^i) — ^('Co)l > f I'Ci — ■Col, due to —w[{^) > ^ when z{^) G B{P,R). 


(d) Let again P = 2:(^o)) so that we need to show | 2 : 2 (^o)| < 2A'^+^p2'^'^. We have 
1 u/ M If c \ ^ f i if 2 ^ ] ■ ■ satisfy 


14(0 - 4(0)1 < 114(0)1 when 1^ -^o| < ( , so := ^0 ± ( 


0 < min{z2(^+),^2(^-)} < ^2(0) 

which is 14(0)1 < 


2 H 


4Ko)q‘'y4«o)i 


□ 


4 Local regularity for the patch equation and small a 


In this section we will prove that the solution of the contour equation which we con¬ 
structed in Section [^yields a (local) patch solution to (1.1)-(1.2), and that the latter 
is also the unique patch solution to (1.1)-(1.2). This is achieved in Corollary 4.7 and 


Theorem 4.12, which together with the remark after Corollary 4.7 prove Theorem 1.4 


We consider here the half-plane case P = M x M+, but the arguments are identical for 
the whole plane D = 


4.1 Contour equation solution is a patch solution 


We start with using the results from the previous section to show that the solution of 
the contour equation is also a patch solution to (1.1)-(1.2). The main result of this 
sub-section is the following proposition. 
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Proposition 4.1. Consider the setting of Theorem 2.8 and let ^lk{t) be the interior of 
the contour Zk{-,t)■ Then u){-,t) ■= 'l2k=i^kXnkit) patch solution to (1.1)-(1.2) 

on [0,T]. 


Since Zk{-,t) need not be a constant speed parametrization of dQkit), we first need to 
obtain a bound on the latter. 

Lemma 4.2. Let Z = {zi,..., zn) : T —)■ (M^)^ and assume |||Z||| < oo, with ||| ■ ||| from 
(2.9|) (thus the Zk are pairwise disjoint simple closed curves). Let Vtk he the interior of 


the curve Zk and let yk be any constant speed parametrization of dLlk from Definition \l . 1 
There is a universal constant C >1 such that Y = {yi,...,satisfies 


IPIII < 


Proof. Since all constant speed parametrizations of dVLk are translations of each other on 
T (and such translation does not affect |||P|||), it suffices to prove the result for one of 
them. We will therefore assume h"(0) = Z{0). We can also assume without loss that Zk 
is a counter-clockwise parametrization of dQk- 

We obviously have 6[Y] = S[Z] and |||/fc||Lo° = ||2fc||L°° for each k. Since yk and Zk 
are both counter-clockwise parametrizations of dflk, with |?/(,(0I = there is a 

bijection /^ : T —)■ T with /fc(0) = 0 such that ykifkiO) = ^kiO- Then for G T, 


fkiO 


2vr|4(0l 

|(9nfc| 


(4.1) 


To simplify notation, let us now drop the index fc, and denote y = (|/i, 2 / 2 ) and = 
(; 2 i, Z 2 ). For any distinct r^i, rj 2 G T, there are distinct .^2 G T such that pi = /(4) and 
h2 = /(6)- Then 


hi -h 2 | 

\ y { m ) -1/42)1 


1/(4)-/(6)l ^ 

h(4) -2:(4)I “ 


1/(4)-/(4)l 

14-41 


m < 11/14= 


Since we have |4||ci 4 C'|||Z||| (with a universal C < 00 , which may change later) and 


> 2\z{7r) — 2^(0)I > it follows from (4.1) that ||/1 |l°° < 
F[y] < 


Z||| , yielding 


Since |||Z||| > 1 by dehnition, it thus suffices to show H^IIl^ < C'|4 |43|||Z||4 A direct 
computation yields 

laifl 4(0 


4(/(0) = 


271 4 '( 4 |’ 
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y'lifiO) = 


( z'm zmz'iiQzm + 4 ( 04 ( 0 ] 

(27r)2 Vk'(OP k'(OI^ 


\dn\^ 


r z'('{z[y + 4"zi4 + A{z'iYz[ + 3444 + {z^ ^ 4^'iz[ + 4'4]2 


ViifiO) (27r)3 Vk? kf 

where for convenience we dropped ^ in the last expression. Therefore, 


\yTifm<c\dn\ 


3 / ,^'"(01, \z''m 


+ 


k'( 0 l^ 

This gives the following estimate on ||?/i'||l 2 (recall that / is a bijection): 


ibriii^ = / [yiUiiwrmi 

Jt 


< / C'la^l 


< c\dn\' 


(- 


6 / , ^( 0 ^^ km 

^'(01^ k'(0IV 




\m 


+ 


IC 2 


Z‘ 


/|7 


Vmin^gT k'(OI® min^gT k'( 0 IV ’ 

Since |9r2| < ^||^'||c<i < C'|||Z||| and min^gx 1^X01 — Ml — follows that 

Ill-Z^lir- Since the same estimate holds for 1 / 2 , the proof is finished. □ 


Proof of Proposition 4J_ First note that by Theorem |2. 8 the boundaries d^lk{i) are pair¬ 
wise disjoint simple closed curves in D for each t G [0,T], which also have parametriza- 
tions Zk{-,t) that are uniformly-in-time bounded in H^. Due to Lemma 4.2, the latter 


then also holds for their constant speed parametrizations. Lemma 2.1 shows that each 


dilk is continuous in time with respect to Hausdorff distance, so it remains to show (1.6). 


The derivation of ( 2.5| ) shows that its right-hand side Sk[Z{t)]{^) satisfies 
Sk[Z{t)]{^) = u{zk{^,t),t) + Pk{^,t)d^Zk{^,t) 


for some /3k{^, t) G M, and Theorem 2.8 shows that 5fe[Z(-)](-) is continuous on T x [0, T]. 


Since Zk and u are also continuous (the latter by Lemma 3.1) and d^Zk{^, t) > F[Z{t)] ^ > 


0, we will have that I3k is continuous if we show that d^Zk is. But the latter holds because 
sup^gjQ j’] ||xa;(-, t)||c2 < 00 and Zk is continuous in t G [0,T]. 

This means that for each r G [0,T] and x G dVtkir), the ODE = —Idk^Cif)^^) has 
a solution ^ : [0,T] —)■ T with C('r) = C; where G T is such that Zk{^,T) = x. Then 
4'x,r(i) := Zk{C{t),t) G dilkit) solves 

= w(^x,T(i),t) for t G [0,T] and 4'a;,^(r) = x. 
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Given any t G (0,T), for any small G M and x G dfl(t + h), let yx,t,h '■= ^x,t+h{'t) £ dVt{t) 
and yx,t,h ■= yx,t,h + hu{yx,t,h,t) G Then 

sup \x - yx,t,h\ < hw {2\h\\\u\\L^) 


for all small h, where w is the modulus of continuity of 
dfl{t) X {f}. Note that w satishes lim^y^o= 0 because 
compact, which (together with (3.1)) yields 


u on some neighborhood of 
u is continuous and dQ{t) is 


dist 

lim sup ---- - 

x&dn{t+h) h 


0 . 


Similarly, for small h G M and x G there is yx,t,h ^ dfl(t) such that 

X = yx,t,h + hu{yx,t,h,t) and we let yx,t,h ■= + h) e dQ{t + h). Then again 

sup \x-yx,t,h\<hw{2\h\\\u\\Lo-), 


so we obtain 

, dist (x,dil(t + h)) 

hm sup - - - 


This proves (1.6), and the proof is hnished. 


0 . 


□ 


4.2 Independence from initial contour parametrization 


Next, we will show that the solution obtained in Proposition 4.1 is independent of the 
chosen contour parametrization Zq for a given initial value a;(-,0). The main result of 


this sub-section is Corollary 4.7 


Hence, let us consider two families fl(t) = and fl(t) = of sets as 

in Dehnition 1.2, but with Q{t) now the sequence (rather than the union) of the Gfc(t). 
This notation will be more convenient in what follows. We also drop the argument t 
where we discuss results concerning a hxed time. 


We start with an estimate on the area of the symmetric difference GAG := (G \ G) U 
(G \ G). Recall the functional ||| ■ ||| from ( |2.9[ ). 

Lemma 4.3. Let G = and G = be two families of bounded open subsets 

of whose boundaries are simple closed curves, and let Z and Z be some parametriza- 
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tions of dfl and dfl, respectively (that is, Z = {zk}k=i, with : T —)■ a parametriza- 

tion of dflk, o,nd similarly for Z). There exists a universal constant C < oo such that 

N N 

IfiA^I := \QkAQk\ < C{\\\Z\\\ + |||Z|||) - 4||l2. (4.2) 

k=l k=l 


Proof. Let y4:=|||Z||| + |||Z|||. It obviously suffices to assume A < oo, and to prove for 
each fc G {1,... ,N} that < CA\\zk — (with some universal C). We will 

now do this, dropping the index k in the following. 

We claim that for any x G flAfI, there exists some (^, s) G T x [0,1], such that 
X = (1 — s) 2 :(^) + s2(^). This is obvious for x G dkl U dkl, so assume that x ^ dPl U dPl. 
Let rs(^) := (1 — s)z(^) + sz{f) for (^, s) G T x [0,1], so that L^ : T —)■ is a closed 
curve for each hxed s G [0,1], with Lq = ^ and Li = 5. Since Lq and Li have different 
winding numbers with respect to x and L is continuous in (s, f), we must have x G rs(T) 
for some s G (0,1). 


Consider now the quadrilateral Q{f]h) with vertices at 2 :(^), 2 :(^ + h),z{f + h),z{f). 
The above discussion and both z, z being yield 

n—1 

|f2Afi| < |{(1 - s)x(0 + sx(0 : (^, s) G T X [0,1]}| < lim V 

n^oo ^ ^ 

j=0 

We also have, with C such that ||/||ci < CII/IIhs for each / G iL^(T), 


01 ^;-) 

n n ) 


(4.3) 


\Q{f;h)\ < max{|z(0 - + h)\, |z(0 - + h)\}max{\z{f) - z(OI, k(^ + h) - z{f + h)\} 

<CAh{\z{0-z{0\+‘^CAh). 


Hence the limit in ( |4.3[) is bounded above by CHUz 
inequality leads to (4.2). 


2II 2 , 1 , and an application of Holder 

□ 


Definition 4.4. For two families of subsets o/M^, we 

define the Hausdorjf distance of their boundaries to be 


dnidkl, dkl) 


max max 

l<fc<V 


sup inf \x — y\, sup inf \x — y\ 


x£dQky&d^k 


eaOfe 


Next we prove that if we solve the contour equation (2.5) with two families of initial 
curves which parametrize the same simple closed curves 512(0) := {512^(0)}^]^, then the 
solutions parametrize the same curves 512(2) := {512^(2)}^^ throughout their common 
interval of existence. 
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Proposition 4.5. Let a G (0, A), let 9 i,...,9n G and let Z,Z be both as Z in 


Theorem \2.^ with initial conditions Zq, Zq, respectively. LetT' > 0 be the smaller of their 
maximal times of existence and for t G [0, T'), let flkit) and flk{t) be the interiors of the 
contours Zk{-,t) and Zk{-,t), respectively. Ifflki^) = f2fc(0) for each k, then flkit) = klkit) 
for each k and t G [0,T'). 

Remark. Here T' is largest such that supjg[o,r](lll-^(^)lll + lll■^(^)lll) < each T < T'. 


Proof. Due to the uniqueness claim in Theorem |2.8[ it suffices to prove this for the 
smaller of the T > 0 (from the theorem) for Z and Z, instead of for T'. We then have 
sup*e[o,T](PWIII + PWlll) < 4(|||Z(0)||| + IIIZ(O)III) =: A 

Our strategy here is to hrst prove the claim for a family of regularized equations, and 
then show that the solutions of the latter converge to those of the original equation (in 
an appropriate sense) as their parameter /3 —)■ 0. 


Specihcally, for any /3 > 0, we regularize the Biot-Savart law in (1.2) to 

[x - y)^ 


u^{x,t) = 


{x - yr _ 

V (| a ;-|/|2 + / 32 ) i +“ + 


u{y,t)dy 


(4.4) 


obtain the contour equation 


for X & D. For (1.1) with u = following the same derivation as in Section 2.1 

%fc(^,t) - d^y^i^ - r],t) 


we 


N 2 


dtZk{^,t) = 


9i 


^ 2a Jj (|zfc(C, t) - y^{f - T], f) |2 + /3^y 


-,dr] 


(4.5) 


instead of (2.5). Then the same derivation as in Section 2.2| again yields the a priori 
estimate (2.31) for the solutions to (4.5), with the same (/d-independent) constant. We 


can then use the same arguments as in Section 2.3 to show that there exist unique (local) 


solutions Z^ and Z^ to (4.5) with initial data Z(0) and Z(0), respectively, and they again 


satisfy sup^g[o,r](lll^^(^)lll + lll■^^(^)lll) — the above (/d-independent) time T. 


If now Dfc(t) and kl'^it) are the inter iors of the contours z^{-,t) and zf,{-,t), respectively, 

that := ^k=i^kXnl{t) 4)4(-,t) : = 

since 


4.1 


then we can show as in Proposition 

^^1 9kX^P(t) patch solutions to (1.1) with n = on [0,T]. (Note also that 


is smooth, from (1.4) is uniquely dehned for any {x,t) E D x [0,T].) 


One can now apply standard estimates for the 2D Euler equation (see, e.g., Theo¬ 
rems 8.1 and 8.2]) to (1.1) with the (smooth) velocity u = to show that there exists a 
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unique weak solution to it on x [0, oo) with initial data 0) (= 0)) extended 

oddly to M X ]R“. Since patch solutions are also weak solutions (see Remark 3 after 


Dehnition 1.2), and obviously remain such when extended oddly to x G M x ]R“, it follows 
that for any /3 > 0 we have flf (t) = fif (t) for each k and t G [0, T], (See the remark after 
this proof for an alternative argument.) 

Next, we claim that with dkl^{t) := we have 


lim sup dH{dQ^{t),dQ{t)) = 0. 
^^Ote[o,r] 


(4.6) 


key step in showing (4.6) is the estimate 


Since the same result then holds with in place of fl, this proves the proposition. The 

,6) is the estimate 

sup \\Z^{t)-Z{t)\\L 2 < C{a,Ne,A,T)/3, (4.7) 

i6[0,T] 


with 0 := \^k\- Then Lemma 4.3 yields supig[o,T] |fl^(t) Afl(t)| < C{a, A)[] 

for each (3 > 0, which together with the uniform bound on Z, Z^ implies (|4.6l) . It 


therefore remains to prove (4.7). 


We let hh := Z — so that (after dropping the argument t) 

N 2 


d 

dt 




2 [ MO ■ d,wM)di = Gt + T T -■S'”.. 

•'i 


where Gk is the right hand side of (2.32) with Z is replaced by Z^, while equals 




Mtii) - divT'Hi - ’]) 


4(0 - - v)?" (I4(0 - - >))P + PY 

Note that the same derivation as in the uniqueness part of Section [275] yields 

G, < C-(a)e(|||Z(i)|ll + \\\Z^m?*"“Wmh < C(a)SA^+^“\\Wmh- 


To control we hrst use that for any x,/3 > 0 and a E [0,1] we have 


x2a ("^2 _|_ i^2y 


= X 


-2a 


i + |4 

X 




(4.8) 


drjd^. 
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where in the last inequality we used that |1 — (1 + 6 ^) "| < 6 for 6 > 0 and a G [ 0 , 1 ]. 


Applying (4.8) now yields 


\si^<n K(oi- 


< V^/ 3 ||Wfc||L 2 sup 


rn,l3f^ 

i4%^(o-%r’4e-oi 




dr]. 


= :J 


(4.9) 


For i 7 ^ fc, we immediately have J < 47 r||Z^||( 7 i 5 [Z^] ^ For i = k and m = 1, we have 


J< \\Zf^\\c2F[Zf^]^+‘^^r]-^^dr] < C{a)\\Zf^\\c2F[Z^] 


l+2a 


for a < 0 When i = k and m = 2, then the integrand in J is the same as T 3 in (2.15), 


only with r] replaced hj ^ — t]. Hence the same bound as in (2.20) gives 


J< C{\\Z^\\c2 + l)F[Z^Y+^‘^r]-^^-^^^dr] <C{a){\\Z^\\c2 + l)F[Z^]^+^^ 

Jt 

for a < |. It now follows that 

|^r,| < C'(a)|||Z^|f+'“/?||w;fc|U2 < C{a)A^+^^fi\\wk\\L^. 


Combining the estimates for Gk and gives 


d 


-||H/(()|U. < C(a)Afe/l2+2”(||W'(«)||y +))) 

for t G [0,T]. Solving this differential inequality with initial condition ||IF( 0 )||l 2 
yields ||hF(t)||i 2 < _ i()^ for t G [0,T], which implies (4.7). 


0 

□ 


Remark. We note that one can in fact prove flf(t) = (even uniqueness of 

patch solutions to ( 1 . 1 ) with u = u^) for any /? > 0 without a reference to weak solutions. 


Indeed, Lemma 4.9 below holds with power 1 (instead of 1 — 20 ;) in (4.10), which follows 


from the hrst paragraph of its proof because is clearly smooth and (4.11) now holds 
with (|x — yp + (< inside the integral. (The constant in ( 4.10 ) then 

becomes C = C{a, (3,J2k=i\^k\,\9^i't)\) < 00 .) The argument in Lemma 4.10 below 
then yields d'(t) < Cd{t) for d{t) := dH{dkl{t),d^{t)) (as long as d{t) < 1), so (i(0) = 0 
implies d{t) = 0 for all t G [0,T]. 
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Definition 4.6. For a family of bounded open subsets of D whose bound¬ 

aries dflk pairwise disjoint simple closed curves (i.e., 11^2^11^3 < oo for each 
k), let us define |||f2|||j:^3 := IH-Z’IH, where Z = and each Zk is a constant speed 


parametrization of dVtk o,s in Definition 1.1 


Remarks. 1. Since Zk € H^{T) has constant speed and T is compact, it is not difficult 
to see that any as in the definition satisfies |||fl|||j |^3 < oo. Indeed, looking at ( |2.9[ ), the 
only term that is not clearly finite due to the assumptions of the definition is F[Z] from 


(2.8). It is clear that the constant speed of parametrization and ||f2fc||//3 < oo show that 


there exists r > 0 such that if \r]\ G (0,r), then r]\zk{^ + rj) — ^ 


For \r]\ > r and any k, the expression on the right hand side of ( |2.8 ) is bounded due to 
its continuity, compactness of T, and the assumption that all the dflk are simple closed 


curves. 


2. Similarly, any patch solution uj{-,t) = 'Yl!k=i^kX^k(t) (1.1)-(1.2) on [0,T) 
must satisfy sup^gjg T./] |||f2(t)|||j^3 < oo for any T' <T (due to continuity of in time and 
compactness of T x [0,T']). 

Here is a corollary that summarizes the previous results in this section. 

Corollary 4.7. Let a G (0, let 6i,... ,6^ E M\{0}, and let f2(0) = {(2^(0)}^^ be as 


in Definition 4-6 There exists > 0 and an patch solution u{-,t) = X]fe=i ^kXnkh) 


to (1.1)-(1.2) on [0,Ttj) which satisfies the following. 


(a) For any T' G [0,T^) and any parametrization Z{T') of d D{T ') with\\\Z{T')\\\ < oo, let 
T = T(q!, \6k\, |||Z(T')|||) > 0 be from Theorem |^. g| Then the corresponding 

patch solution to (1.1)-(1.2) on [T',T' + T] from Proposition 4-l\ with initial value 
Z{T') at time T', is egual to u on the time interval [T',T' + T]. 


(b) There is a un ivers al C > 1 such that with T = -/V l^fcMII^(0)lllH3) > 0 

from Theorem 2.8 we have T^ >T and sup^gjo^-r] |||f^(t) 111/^3 < C'III^(O) 111^3- 


(c) IfT^ < oo, then 111^(^)111^3 = oo- 


Basically, what the Corollary says is that the patch solution that we can obtain using 
the contour equation is unique. We cannot obtain different patch solutions by changing 
the parametrization of the initial data or at any other time. Also this solution may cease 
to exist only if its norm |||f2(t)|||j:^3 blows up. On the other hand, the corollary does not 
rule out existence of other Ff^ patch solutions with the same initial data, obtained not 
from the contour equation but in some other way. We will eliminate this possibility in 
the next section. 
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Proof. Let Zq be a constant speed parametrization of 9f2(0) (which satishes |||2’o||| = 
< oo dne to Remark 1 after Dehnition 4.6) and consider the solntion u 

> 0 from The- 




from Proposition 


orem 


2 .^ 


4.1 


on [0,To], with Tq := T{a,NJ2^i \0k\, iiPH^Pllr/3. 

Then snpjg[o,To] IIIlilies < C'(4|||f^(0)|||j:^3)®, with C from Lemma 


4.2 


so 


(b) holds with T := Tq. We can also extend oo np to time Tq + Ti, with 'I\ : = 
T{a,NY,k=i \^k\, |||f2(To)|||j^3) > 0, by using Proposition 


4.1 


with initial condition a con¬ 
stant speed parametrization of c?f2(To) at time Tq. We can continue this way to obtain 
:= which then must satisfy either 111^(^)111^3 = cxo or = cx). This 

proves (c), while (a) follows from Proposition 4.5 (note also that T in (a) must be less 
than — T' because sup^gj-j./- jl}) lll^(^)lllr/3 < cxd by Proposition 4.1). □ 


Remark. Now is the natural time to prove the last statement of Theorem |1.4| describing 
precisely how the blow up may manifest itself. Let us assume that < oo, and dehne 
dkl{Ti^) := limt /.t^ dQ{t) (the limit is taken with respect to Hausdorff distance and exists 
due to (3.1)). Let us also assume that min^^j dist(9r2fc(T^), > 0 and that for 

each A;, the limit limj^'r^ ||f2fc(t) 11/^3 is either hnite or does not exist. Then there must be 
some k and tj such that for any constant speed parametrization zj of some dQk{tj) 

we have 


A := sup |Ud|_H-3 < oo and lim sup -j—r—- — -^ = oo. 

j \zj{0 - Zj{^ - V)\ 

The hrst of these statements, together with |9f2fc(t)| being bounded below uniformly in 
t, due to |flfc(t)| being constant in time, and along with the constant speed property of 
Zj, implies that there is r = r{A) such that 

Ihl 

sup sup - ---^ < oo. 

j 5i^ST,|r)|e(0,r) Pilsj Zj[k f])] 


Thus there must be two sequences of points Xj,yj G dflkitj) with limj^oo \xj — Vjl =0 
but distance of Xj and yj along dflkitj) uniformly bounded below by a positive number. 
Continuity of dflk in time (and its compactness) then implies that dflk{Ti^) cannot be a 
simple closed curve. This proves the last statement in Theorem |1.4 


4.3 Uniqueness of patch solutions 


We will now prove (local) uniqueness of patch solutions to (1.1)-(1.2). 


unique solution for a given initial value Ci;(-,0) is the one from Corollary 4.7 
result of this sub-section is Theorem 14.121 


Hence the 
The main 


43 






















The next lemma is a simple geometric result, concerning two patches whose bound¬ 
aries are close to each other in Hausdorff distance. It will be used in the following lemma 
to estimate the difference of the velocities from (1.2) corresponding to two sets of 
patches whose boundaries are close to each other in Hausdorff distance. As before, we 
denote by up the outer unit normal vector for H at P G dQ. 


Lemma 4.8. Let H, H C be two bounded open sets whose boundaries are simple 
closed curves, and let |||H|||j :^3 -|- |||H|||j :^3 < A for some A > 1. Let R := (dC'oA)"^, where 
Cq > 1 is a universal constant such that ||/||c 2 ^ C'oll/llirs for each f e H^{T), and let 
P E dil. If dH{d^l,d(l) < then in the coordinate system {wi,W 2 ) centered at P and 
with axes njs and np, both cAlnP(P, R) and c?f2nP(P, ||P) can be represented as graphs 
W 2 = f{wi) and W 2 = g{wi), respectively, and we have |/'(tci)| < 1, | 5 f'(tci)| < 1, and 
\f{wi) - g{wi)\ < 2 dH{dn,dn) for |wi| < f. 


Proof. Let h := (ip(cAl, 9H), let P G dP be such that 
and denote by hp the outer unit normal for H at P. 
one such point. 


|P - P| = dist(P,aH) < h, 
(If P is not unique, we pick 
By Lemma 3.4 (a,c) with 7 = 1 and the dehnition of R (note that 
if either dVt or dVL has arc-length 2ttL and a constant speed parametrization z, then 
L > — z(0)| > F[z\~^ > ^), both dVt fl B{P,R) and dCl fl B{P,R) are simply 

connected curves whose (outer to H and H) unit normal vectors lie in B{np, A) and in 
B{hp, A), respectively. 


This implies that hp-np > cos |. Indeed, otherwise we could hnd P' G dVL fl dB{P, 
such that dist(P',cA2) > ^sin(| — 2 • arcsin A) — h > h (since we assume h < 
contradicting dpldQ, dQ) = h. 


From |P — P| < h < A and hp-np > cos | (together with the normal vectors of 
dLl n B{P,R) and dP. fl B{P,R) lying in B{np, A) and in B{hp, respectively), we 
have that in the coordinate system (tci, W2), both dQ fl P(P, P) and dQ fl B(P, Ap) are 
graphs W 2 = f{wi) and W 2 = g{wi), respectively, with |/'(tci)| < tanarcsin A < 1 and 
A tan(| -|- arcsin A) < i. Since 19^ > 12^ -|- 13^, it follows that the domains of 
f,g both contain [—^P, |§-R]- 

If now \f{wi) — g{wi)\ > 2h for some |tci| < f, then Q := {wi,f{wi)) G cIHn [—f 
has dist(Q,M^ \ [—^P, Ap]^) > 2h and also dist((5,5H H [—^P, Ap]^) > \/2h (the 
latter because | 5 f'(wi)| < 1 for < ^P). This again contradicts dnidQjdfl) = h. □ 


Lemma 4.9. Let a G (0, \), let 9i,.. .9 m G M, let H and H be 

as in Definition 4 . 6 , and let u and u be the velocity fields from (1.2) corresponding to 

^ ■= Ek=i and u := 9kXn 


respectively. Let also 




+ 


H3 A 


A 
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for some A > 1. There exists a constant C = C{a^'Yl!k=i\^k\-: */ 

dnidfl, dfl) < 1, then for any x,x E D we have 

|M(a;) — 'u(5;)| < C max{|a; — 5;|, dnid^l, (4-10) 


Proof. First note that (3.2) shows that it is sufficient to consider x = x. From (3.1) it 


follows that it further suffices to restrict the proof to the case h := dnidTl, dTl) < 


with R = R{A) from Lemma 4.8 We then have 


N 

u{x) - u{x)\ <^2\ek\ j _ \x-y\-^-‘^^dy, 

fc-i 7,^-^ 

= .Ik 


(4.11) 


SO it hnally suffices to show R < C{a, A)R for each k and some C{a, A) < oo. 

Let P G dilk be such that \x — P\ = d{x, =: dk- Let us first assume that dk > 
Since dQk and dflk both have arc-length bounded by CA (for some universal C < oo) 
and A > 1, we have IhlfcAflfcl < CAh (with a different universal C). Thus 

d{x,nk^^k) >j-h>^ 
because h < ^. Since then also h < 1, this indeed yields 

/ P\ 

4 < IfifcAfffcl ( - j <C{a,A)h<C{a,A)R-^^. (4.12) 


Let us now assume that dk < and split R into 


R= _ \x-y\ 

J (Ofc AOfc)nB(P,H/ 2 ) 


-l-2o 


dy + 


'(nfcAA)n(D\B(P,H/2)) 


|x - y\ 


-l-2a 


dy. 


=R 


=R 


If 1 / ^ B{P, j), then \x — y\ > \y — P\ — \P ■ 


x\ 


> ^ Hence can be bounded 


as R in (4.12), yielding /| < C{a,A)h 


l-2a 


— 2 


4 — 4 


To bound we apply Lemma 4.8 to VLk and flk- Thus in the coordinate system 


{wi,W 2 ) centered at P and with axes nf, and np (the latter being the outer unit normal 
for Qk at P), both dflk Fl B{P,R) and dflk H B{P, are graphs W 2 = /(wi) and 
W 2 = g{u!i), respectively, such that \f{wi) — g{wi)\ < 2h for |t(;i| < In this new 
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coordinate system, x is either (0, dk) or (0, —dfc), and we can assume the former without 
loss. Then 


Il< 


rR/2 

'-R/2 


ogiwi) 


'/(w'l) 


{wl + {W2 - dkf) 




dw-. 


dwi- 


=:T{wr) 


For 1^11 > h we have 

TK) < \gM - 

whereas for |wi| < h we have 


T(wi) < 


ogiwi) 


|Wl| 2 <^\iu2-dk\ 2 °'dW2 


It follows that 


<2|wir2-“/ s-2-°ds< - 

" ' ' Jo - I-2a 


ItCll 2 "/i 2 “ 


»R/2 


'*h 


Il<2 I 2hwY^-^^dwi + 2 / -^—w^ ^ < C(a, 

Jh Jo 1 - 2a 

So we again have Ik < C{a, , and the proof is hnished. 


□ 


We will now use Lemma 4^ to show that the Hausdorff distance of two patch 
solutions with the same initial data grows (for a short time) at most as t^. 


Lemma 4.10. Let a G (0, let u{-A) = YJk=i^kXn^(t) andu{-A) = Y.k=i^kXn^(t) be 




two patch solutions to (1.1)-(1.2) on [0,T], and /et sup^g[Q7.](|||f2(t)|||j|^3 + |||f2(t)|||^3) < 
A for some A > 1, where f2(t) := and ^{t) := There is a 

constant C = C'(a, A) < oo such that z/a;(-,0) = a)(-,0), then for all t G 

[0, min{C“^", T}] we have 


du {dVL{t),dn{t)] < Ct^/^ 


(4.13) 


Proof. Let u and u be the velocity helds from (1.2) corresponding to y and a), respec¬ 
tively. Let C = C{a.,'Y^^=i \dk\iA) be the constant from Lemma 4.9 and let d{t) : = 
dH{dn{t),dn{t)). 


We hrst claim that d is Lipschitz on [0, T], with some constant C = C{a, J2k=i \^k\,A) < 
oo which is three times the right-hand side of (3.1). It is obviously sufficient to prove 


this for any [a, 6] C (0,T). From (1.6) and (3.1) we have that for each t G [a, 6] there 
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is ht > 0 such that \d{t + h) — d{t)\ < Ch whenever \h\ < ht- Thus we also have 
\d(t) — (i(s)l < C\t — s| whenever (t — ht^t + ht) fi {s — hg, s + hg) 7 ^ 0. Since there 
is a hnite sub-cover of [a, 6 ] from {{t — ht,t + ht)}t&[a,b]) h follows that d is indeed C- 
Lipschitz on [a,b]. It follows that d is differentiable almost everywhere on [0,T] and 
d{t) — d{0) = f^d'(s)ds for t e [0,T]. 


Consider any t > 0 such that d{t) G (0,1] and d'{t) exists. Then ( 1.6[ ) shows that for 
small h > 0 and any x G dfl(t+h), there is Ux G dVt{t) such that \yx + hu{iix, t)~^\ ^ o{h), 
with o{h) uniform in x. Then there are also tjx G dCl{t) and x G dCl{t + h) such that 
IVx — Vxl < d(t) and \yx + hu{yx,t) — x| < o{h) (with a new uniform o{h)). This and 
Lemma 4^ applied to yx and jjx show that 


\x — x\ < d{t) + Cd{t)^ -I- 2o{h) 


Since o{h) is uniform in x G dQ{t -|- h), and since the same argument applies to dQ and 
swapped, we obtain d'{t) < Cd{t)^~'^°‘ for each t such that d{t) G (0,1] and d'{t) 
exists. Integrating this differential inequality (recall that d is Lipschitz and (i(0) = 0) 
yields d{t) < ( 4 aC'f)i/ 2 a on any time interval [0,T'] such that sup^gjg.r'] < 1. Hence 
the theorem holds with (the new) C being (the old) (4aC')^'^^“. □ 


The next lemma, which is our last ingredient for the proof of uniqueness, says that the 
boundaries of two patches H, H have constant speed parametrizations which differ (in 
L°°) by no more than O^dnidfl, dfl)), with the constant depending on |||H|||j |^3 + |||H|||j|^ 3 . 

Lemma 4.11. Let H, 12 C be two hounded open sets whose boundaries are simple 
closed curves, and let |||12|||j|^3 -l- |||12|||//3 < A for some H > 1. There is a universal 
constant C < 00 such that if dH{dLl,dQ) < 1, then there exist some constant speed 
parametrizations z and z of dQ and dQ, respectively, such that 

\^z — z\^L°° ^ CAJdH{dVt,d^). (4-14) 


We postpone the proof of Lemma 4.11 until after the following theorem, which is our 
main uniqueness result. 


Theorem 4.12. Let a G (0, ^), let 61,... ,6 n & \ {0}, and let uj{-, t) = 

n . TT^ rr-TK /rrTn7 _ _ 1 


and uj{-,t) = J2k=i^kXn^,(t) patch solutions to ( 1 . 1 )-( 1 . 2 ) on some interval 

[0, T). If 0) = a;(-, 0), then u{-, t) = uj{-, t) for all t G [0, T). 


Let us first provide an overview of the argument (see also Figure [^. Corollary 4.7 
shows that there is a unique patch solution (with a given initial data) which can be 
obtained via the contour equation. It is then sufficient to prove the result with O being 
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this solution. We will assume that there exists another patch solution u ^ u and 
arrive at a contradiction. The idea is to use a sequence of auxiliary patch solutions 
obtained via Corollary T^with initial data Sj) = u>(-,Sj), where Sj = 
and Ti < 1 is a hxed time. The first key step will be to apply Lemma 4.10 to show that 
'^(■5 '®j) (= ■Sj)) Sj) are close (in Hausdorff distance of their patch 

boundaries, and hence their constant speed parametrizations are also close due to 

Lemma 4.11). Next, since the were obtained via the contour equation, the stability 

estimate (2.34) applies to them up to time Ti and allows us to show that and 

(■, Ti) are close as well. The latter is in terms of the distance of some 

parametrizations of the curves, but Lemma 4^ allows us to transfer this into the same 
estimate for the area of the symmetric difference of the corresponding patches. After 
telescoping the latter, we hnd that the area of such a symmetric difference corresponding 
to cj(-,Ti) and a)(-,Ti) is bounded above by Taking J —)■ 00 and using 

2a < 1 (and then applying this argument to arbitrary Ti), we hnd that a; = a), which is 
a contradiction with our hypothesis. 



Proof. Obviously, it suffices to prove the result in the case of u being the solution from 
Corollary 4.7 Assume the contrary and let T' := inf{t G (0,T) : ^ uj{-,t)} < T. 

Without loss we can assume that T' = 0. 
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With the notation from Dehnition 
s e [ 0 , f], let 


4.6 


(h 


let B := supjg[o,r/ 2 ] lll^(^)lll_f /3 (> 1), and for each 
De the (uniqne) solution from Corollary 


4.7 


with 


initial condition s) := s) at ti me s. In particular, = u. Let A := 2CB^ > B 


(where C > 1 is from from Corollary 4.7 


(which is decreasing in the last variable 


b)), then let Tq := T{a,N Yj^=i\6k\-, A) > 0 
be from Corollary |4.7Kb) and consider any 


Ti G (0, min{To, 1}]. Thus Corollary 4.7 b) shows that exists on [s,Ti] for each 
s G [0,Ti] and satisfies sup^gj^ j.^] 


^ 2 - 


For any J E N, let Sj := jTi for j = 0,..., J. Let C = C(a, ^) < C )0 be 


from Lemma 4.10 and also larger than the universal C in Lemmas |4.3| and 4.11 and 
consider any J > Then Lemma 4.10 applied to u and (with starting time 

Sj_i) and Sj — Sj-i = ^ < j imply 

du {dVL{sj),dn^^-\sj)) < 


for j = 1,..., J. Since fl(sj) = r2®^(sj), it follows from Lemma 4.11 that the families 
dVt^^{sj) and have constant speed parametrizations Zj{sj) and Zj{sj) satisfy¬ 

ing 


\Zj{sj) - Zj{sj)\\L 2 < V^\\Zj{sj) - Zj{sj)\\Loo < 


We have 


\Zj{sj^ 


\Zj{sjj 


= 




+ lll^ 


S.7-1 / 


\H3 


< A 


so that Theorem 


2.1 


yields solutions Zj and Zj to (2.5) on the time in terva l [sj, Sj -|-To] 3 


[sj,Ti] and with initial data Zj{sj) and Zj{sj), respectively. Theorem 
sup^g[^^^ 2 ’i](lllAA)III + IIIAA)III) — 4^5 then (2.34) with W := Zj — Zj yields 


also shows that 


\Z,{T,) - - Zj{sj)\\L 2 < 


4.3 


show that with C : = 


where C := \/ 2 nNA'^ l®fcl(4A) ri_ 'jpjg Lemma 
CAA^/NC we have 

|fl"^(Ti)Afl"^-i(Ti)| < 

This holds for j = 1,..., J, hence we obtain by telescoping, 

|fl(Ti)Afi(Ti)| = |fl^i(Ti)Afl°(Ti)| < 

Since C is independent of J and 2a < 1, we take J —oo to get |r2(Ti)Ar2(Ti)| = 0. 
Hence a;(-,Ti) = a;(-,Ti) for each Ti G (0,min{To, 1}], which is a contradiction with 
our hypothesis inf{f G (0,T) : = 0. □ 


Proof of Lemma \4-lL Let Cq and R := [ACqA) ^ be from Lemma 4.8 We can assume 
without loss that h := dH{dfl,dfl) < because otherwise the result holds with any 
C > 8(4C'o)® due to fl, C H( 0 , A). 
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Since ^ ^ due to i? < p, we can apply Lemma 4.8 to and It shows that 

in the coordinate system {wi,W 2 ) centered at any given P G dVL and with axes rip and 
Up, both dVt n B{P,R) and dCl n B{P, ^R) are graphs W 2 = fiwi) and W 2 = g{wi), 
respectively, such that for any Iwil < j we have \ f'{wi)\ < 1 , | 5 f'(tci)| < 1 , and 

\f{wi) - g{wi)\ <2h. (4.15) 


We also claim that |/"(wi)| < 2CoA^ and \g''{wi)\ < 2 CqA^ for all |tci| < Indeed, let 
y{^) be in the new coordinates (wi, tC2)- Then for any G T such that y{^) G B{0, R) 
(i.e., z{0 G B{P,R)), we have f{yi{0) = 1/2(0- Thus f{yi{0) = and 


nviio) = 


{ym/ym)' y'mym - y'iiOym y'm - y'mnym 


ym y'l^if y'Ai? 

If, in addition, 1 2/1 (01 ^ then we have 0i(0 — because ||/'(0I ^ ^ (due to 

F[y] = F[A < 41) and I III I = |/' ( 2/1 (0)1 < 1- This, |/'(|/i(0)l < 1, and |0"||l- = 
< Co A now yield |/'‘'(|/i(0)l ^ 2CoA^. The bound for g is obtained identically. 


Next, we claim that for Iwil < ^ we have 


\f{wi) - g'{wi)\ < 


(4.16) 


If this is violated for some |w°| < ^ (without loss we can assume < 0 as well as 
f\wi) — g'{wi) > SCoVA^h), the estimate \ f" — g"\ < ACqA^ on [—^, T] yields 

/'(wi) - g\wi) > ACoA^Cy/h 

for all wi G [w5’,wj], where := Wi + A~^C^/Ji (^< because tc? < 0, A > 1, and 
h<^). Then Co > 1 shows 

f{wl) — g{wl) > f{wi) — g{wi) + ACoAAC\f}iA~'^C^/]i > _ 2 /i -|- 4Coh > 2 h, 


contradicting (4.15). Thus (4.16) holds 


For any P G let F{P) G fl B{P, ||i?) be such that {F{P) — P) ■ Up = 0. 


Lemma 4.8 shows that such F{P) exists and is unique, \F{P) — P\ < 2h, and F{P) is 
continuous in P (the latter because of continuity of f and the bound \g'\ < 1 on [—f, f ])• 

In addition, F is injective. Indeed, assume that F{P) = F{Q) =: S for some distinct 
P,Q^ d^l, and also without loss that [S' — P| > [S' — Q|. Then \P — Q\ < 2\P — S'! < 
4h < T so Lemma 


3.4 


T) with 7 = 1 (together with L > ^, as before) yields 
sin ZPSQ = riQ ■ Tip = {uq — np) ■ rip < \nQ — np\ < 2CoA^|P — Q\- (4-17) 
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We also have /IPSQ < | (due to |/'| < 1 on h] in Lemma 4.8), so [S' —P| > |*S' —Ql 
and l/'l < 1 imply ZPQS e [|^, ¥]• The law of sines now yields 


\S-P\ = 


|P — Q| sin ZPQS' ^ sinZPQS' ^ 


sin ZPSQ 


2CnA^ 


4Cn/l3 


> R, 


a contradiction with [S' —P| = |P(P) — P| <2h< P/4. Hence P : d^l —>■ dQ is injective. 
Since it is also continuous and dQ, dfl are both simple closed curves, P is a bijection. 


Next, we claim that for any distinct P,Q ^ dfl with \P — Q\ < h, we have with 
a 

0- 


Cl := 300 (^ 2 , 


\F{P)-Fm 


- 1 


< CiA^h. 


(4.18) 


\P-Q\ 

Without loss assum e tha t P is the origin and np = (0,1) (so that (P(P))i = 0). Let 
f,g be from Lemma 4.8 and recall that we proved above that |/"| < 2CqJ^ on [—f, f]. 


This and /'(O) = 0 yie’ 

l(r^Q)l| 


d l/'l < 2CoA^\Q\ on [-|Q|, |Q|], hence < 2CoA^\Q\ and 


< 2CoH^|Q|. Since |(5i| < h and |(nQ) 2 | < 1, it follows that 

(1 - 2CoA^h)\Q\ <\Qi\< \Q\ and |(nQ)i| < 2CoA^\Q\. 

This and |P(Q) — Q\ <2h yield 

\(F(Q) - 0)i| = \F{Q) - <3||(no)i| < iC„A^h\Q\. 

By using (P(P))i = 0, an elementary inequality ||a| — 
hrst bound in (4.19), we obtain 


(4.19) 


< a — c + c 


and the 


||(P(P)-P(Q))i|-|Q|| < |(P(Q)-Q)i| + ||Qi|-|Q|| ZeCoH^hlQI. (4.20) 

From /'(O) = 0 and (|4.16 ) we also have |fi''(0)| < 8CoA^P\/h, which together with 
l^f"! < 2CoA^ on [—^, (proved above) yields \g'\ < 18CoA^y/h on [—5h,5h]. Since 

|P(P) - P(Q)| < |P(P) - P| + |P - Q| + IQ - P(Q)| <2h + h + 2h = 5h, 

it follows that < 18CoA^\/h. Since QC^A^h < T (due to h < the 

dehnition of P, and Cq^A > 1), it follows from this and ( |4.20[ ) that 

|(P(P)-P(Q))2| <20C'oH3yh|Q|. 

But this and (4.20) now yield (also using QCoA^h < T and a/I + 6 < 1 + | for 6 > 0) 
||P(P)-P(Q)| - IQll < {l + 13CoA^h + AOOC^A^hY^^-1 \Q\ < 207C^A^h\QI 
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so (4.18) follows because P is the origin. 


For P,Qe dfl (or dQ), we now define L(P, Q) (or L{P, Q)) to be the arc-length along 
on (or dQ) from P to Q, in the counter-clockwise direction. For any P,Qe dQ, one 
can obtain L{P,Q) as the limit as J —)■ cxd of lengths of polygonal paths P = Pq ^ 
Fi Pj, with each Pj+i lying on the arc PjQ of dfl and all the segment lengths 

\Pj+i — Pj\ less than some Ij which satisfies limj^oo 0 = 0. Then L{F{P), F{Q)) is 
the limit of the lengths of the paths F{P) = F(Po) —t F{Pi) F{Pj) = F{Q) 


because \Pj+i — Pj\ < ‘21 j for all large J, due to (4.18) and h < ^ = 




< 


30002^6 • 


It follows then from (4.18) that for any P,Q E dfl we have 


L{F{p),Fm 


e [l-CiA^h,l + CiA^h]. 


L{P,Q) 

If z is a constant speed parametrization of dfl, then 

L{P,Q) < = ||F|| Li < 27r||F||£,oo < 27r||2;||c'2 < 27rC'o||^||_H'3, 

which yields (with C 2 '■= 27rC'oC'i) 

\L{F{P),F{Q))-L{P,Q)\<CiA%\L{P,Q)\<C2A^h. 


In particular, we have 


\dn\ - 


< C2A'^h. 


Finally, £x ^ above and let ^ be the (unique) constant speed parametrization of dfl 
satisfying 5(0) = F(2:(0)). Then for any ^ G [0,27r), we have 

1^(0 - 5(01 < 100 - i^(00)l + li^(OO) - 5(01 

< 2h + |L(F(00), 5(0)) - T(5(0), 5(0)1 

< 2h+ |L(F(;.(0)),F(OO)) - ^(00),00)l + 1^(00), 00) - ^(5(0), 5(0)1 


< 2h + CaklO + — 

27r 

< (2 + 2C'2)510, 
which yields ( |4.14| ). 


\dn\ - 


□ 


5 Proofs of Proposition 1.3 and Theorem 1.5 


Let us start with some estimates on fluid velocities generated by patches. These 
results apply at a hxed time, hence we drop the argument t in them. And again, while 
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we consider here the half-plane case D = M. x IR+, the arguments are identical for the 
whole plane D = 


We hrst consider the setting from Dehnition 3.3, and will assume that L > 1 (note that 


since the area of each evolving patch stays constant, we only need to choose it to be at 
least 71 initially so that the arc-length of the patch boundary will always be at least 27r). 
This is done to simplify our estimates but can be replaced by L > ^ for some A < oo. 
Since L > y|^( 7 r) — ; 2 ( 0 )| > F[z]~^ > |||f2|||^^, this assumption can even be omitted (at 
the expense of changing the constants) because the results below assume 


1.7 < 


The following is a crucial bound on the gradient of the component of v from (3.4) 


normal to dO., that is, on V(n(a:) • np) = 'Vv{x)np, with x = P + rnp for some small r. 

Lemma 5.1. For 7 > let C 6 e as in Definition 3.3, with L > 1 and 

IIIIII 1.^ < A for some A > 1. Let also R := and v he given by (3.4) with 

= Xn{x). Then for any P G dVt and any x = P + rnp with |r| G (0, ^), we have 
\Vv{x)np\ < C{a,'y)^- 


Proof. Let Sp := {y E W ■. {y — P) ■ np E (—i?, 0)}, and let Vsp be given by (3.4) with 


u: = xsp, evaluated as principal value. By symmetry we have vsp ■ np = 0. Thus 


\Vv{x)np\ = |V(n(x) - vsp{x))np\ < |V(r;(a:) - r; 5 p(x))| < C{a) 

/ 


< C{a) 


V 


' {nASp}nB(p,R} 


x-y\ 


2+2a 


dy + 


'nASp 

1 


\x — |/| 2 + 2 a 


dy 




k - y\ 


2+2a 


dy 


=.h 


where as before AAB := {A\ B) U {B \ A). Using |x — P| < f, we obtain 


=-.i2 
R 


J 2 < 27r / r-^^+^^ldr < C{a)R-^^ < C{a)A, 

Jr/2 


where in the last step we used the dehnition of P, A > 1 , and 2aF^ < 1 . 


(5.1) 


To control Ji, we change coordinates to (wi, W 2 ) from Lemma [3~4) (b), which then implies 
that ifilASp) n B{P,R) lies between the curves W 2 = FAAw^^^. Hence 




Ji < 2 / < C(a, 7)HP^-2“ < C{a, 7)/!, 


where we hrst used that the Wi coordinate of x is 0 , and then that 7 > 2 a and P < 1 . □ 
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Remarks. 1. The estimate on Vv{x)np holds not only on the line normal to dQ at 
P, but also non-tangentially. Given any a > 0, it is easy to see that we can replace the 
condition on x in the statement of Lemma 5.1 with \x — P\ < c{R, a) (for some c{R, a) > 
0) and {x — P) ■ Up > a\x — P|, with the conclusion being \Vv{x)np\ < C{a,'-^,a)A. 

2. Note that Vn is in general not dehned at P G dVt due to a lack of regularity in 
the tangential component v{x) ■ Up oi v at P. However, the argument in the proof of 
Lemma 5.1| can be used to show that the normal component u(a:) -np is sufficiently regular 
at P, and V(u(P) ■ np) can in fact be defined. We will make this more precise later. 


Lemma 5.1 and Lemma 3.2 now yield the following. 


Corollary 5.2. Let VL and v satisfy the hypotheses of Lemma \5.1\ Then for any x ^ dVl 
and any P G dfl such that \x—P\ = dist(a;, dQ) =: d(x) we have |Vu(3:) I < ^(q!, 7)H 
and |(u(x) - v{P)) ■ < C{a,'^)A\x - P\. 


Proof. Notice that |fz^ £ {np,—np}. If d{x) < then the first claim follows from 
Otherwise, Lemma 3.2 yields \Vv{x)np\ < |Vu(x)| < C{a)R~‘^°‘ < C{a)A 


Lemma 5.1 


because H > 1 and < 1. 

— 7 

To prove the second claim, note that if ys := x+s(P—x) for s G [0,1], then dist(?/s, P) = 
dist(r/s, 90). Hence the first claim yields |V(u(?/s) ■ np)\ < C(a,7)y4 for s G [0,1). 
Integrating this in s G [0,1) and using continuity of u yields the second claim. □ 


We now extend Lemma 5.1 and Corollary 5.2 to the case of N patches (L D with 


disjoint boundaries. We let 2'KLk := |90a;|, and if P G 90^ (such k is then unique), 
we denote by np the outer unit normal vector for Llk at P. We will again assume that 
\Lk\ > 1, and also that \9k\ < 1, both of which are not essential but simplify our formulas. 
Finally, recall that 90 := IJ^i 


Proposition 5.3. For 7 > 


2o 


_ 2 ^, some H > 1, and k = 1,... ,N, let Qk P D be as in 
Definition 3.3, with Lk > I and |||Ofc||L < A. Assume also dist(90j, 90^) > ^ for all 


i k and let R := {AA)~^~^. Finally, let u he given by ( 1.2[ ) where oj = ^kX^k 
\9k\ < 1- Then for any P G 90 and any x = P + rnp G D with |r| G (0, ^), we have 
jvn(x)np| < C{a,x)A. 


Proof. Denote by O^ the reflection of O^ with respect to the xi-axis. Since P G 90^ for 
some k, miuj^fc dist(90i, 90^) > ^ > P, and x G B{P, ^) fl D, we have dist(x,Oi) > ^ 


and dist(x, Oj) > ^ for all i ^ k. Due to Lemma 3.2, the total contribution to |Vn(x)| 
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from all the hlj and fli with i k is bounded by C{a)R and hence also by C{a)A, 
by the dehnition oi R, A> 1, and < 1. 


More over , the contribution to \Vu{x)np\ from is bounded by C(a,7)y4 due to 


Lemma 5.1 Thus it suffices to bound the contribution from VL^. Let 




so that it suffices to show that \Vv{x)np\ < C{a,'-^)A. Let dk{x) := dist(a;, 11^), where 
the minimum is achieved at some G dVLk, and let uq^ be the outer unit normal for VL^. 
at Qx- We then have 


\Vv{x)np\ < \Vv{x)nQj + \Vv{x){np + ngj] 

< C{a,'y)A + C{a)dk{x)~‘^°'\np + ngj, 


where we bounded the first term by Corollary 
Lemma 13.21 


5.2 


for X and and the second term by 


Note that if dk{x) > then then the needed inequality holds because > j. Hence 
it suffices to show that Inp + nqJ < C{a,'j)Adk{x)‘^‘^ if dk{x) < Let Qx G dflk be the 
reflection of Qx across the xi-axis. Then we have 


\P — Qx\ < \x — P\ + \x — Qx\ < 2dist(a:, d^k) + dk{x) < 3dk{x), 


where in the second inequality we used that |x 
■-1 
2 


P\ < ^ and Lemma 


dist(x,5r2fc) > Lemma 3.4'c), R < 1, Lk > 1 and 7 > 2a yield 


3.4 


b) imply 


\^P -PqJ< 2H|P - Qxl'^ < 6Adk{x) 


2a 


Symmetry, Lemma 3.4'd), dk{x) = \x — Qx\i x G P, and > 2a also give (with 


Qx =■ (gi,? 2 ) and Qx = (gi, -^ 2 )) 


Wq. +’^qJ = 2|nQ^ ■ (1,0)1 < AA^+-i< 4Hi+t'4(x) 1 +^ < 4H4(x)^“. 


Thus \np + ng^l < lQAdk{x)‘^°' and the proof is finished. 


□ 


We now obtain the following analog of Corollary 5.2 (with an identical proof). 


Corollary 5.4. Let oj,u satisfy the hypotheses of Proposition [5.31 Then for any x G 
D \ dfl and any P G dfl such that |x — P| = dist(x, SH) =: d{x) we have 


Vm(x) 


X — P 
X — P 


< C'(a, 7 )H 


(5.2) 
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and 


{u{x) 


u{P)) • 


X — P 
X — P 


< C{a, '-f)A\x — P 


(5.3) 


Therefore, the normal component of the velocity u generated by such oj is Lipschitz in 
the normal direction relative to dVt. We will also need this result for dD. 

Proposition 5.5. Let uj,u satisfy the hypotheses of Proposition \5^ Then for any x = 
{xi,X 2 ) ^ D we have 

\u 2 {x)\ < C{a,'y)NX 2 . (5.4) 


Proof. We have 


U2{x) = 


N 

f 

k=l 


Vl -xi 


k - y\ 


2+2a 


N 




k=l 

N 


Vl - 3^1 

\X — J/|2+2a 
1 


\x — y\'^°‘ \x — y\ 


dy 


5 


( 6 . 6 ) 


N 

E 

k=l 


2aL 


k Jt 


(4)2(0 


a: —I/p" |x —I/P" 

1 1 


d(T{y) 


4-^fc(0P" 4-^fc(0P“ 




where {ny)i = Uy ■ (1,0) for y G dVLk and {zk )2 = Zk ■ (0,1), with Zk a constant speed 
parametrization of dVLk. Hence for any x E D we have 


N 

42(41 < 

k=l 

N 


Ou 


1(4)2(01 

|x-Zfc(0P" 

|x-^fc(0P" 

4 - 4(0 P" 


df 


Ou 


1(4)2(012X2 


^ 2aLk Jj \x - 2 :^( 0 p"|x - 2:^(01 

N 

k=l 


29kA^+^X2 

aLk 


h \x-Zk{Cj\ 

* ■ V 

=:Tk 


df 


-di, 


(5.6) 


where in the second inequality we used that |1 — 6^"| < |1 — 6| for 6 > 0 and a G (0,1), 
as well as that 0 < |a; — Zfc(OI — |x — 2:^(0! E 2 x 2 ; and in the last inequality we used 
Lemma 2.2 for {zk )2 and also that \x — ^^(01 E niax{( 2 :^) 2 (0; 4 — 2:fc(0|}- 
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It now remains to show that < C(a, 7 )A. Let dk{x) := d{x,dflk), and consider 
only the case dk{x) < 1 because otherwise clearly Tk < 2 tt. Let ^ T be such that 
\x — -2fc(^o)| = dk{x). Using dk{x) < 1 and F[zk] < A yields 


Tk = 


< 4Adk(x)i+y + 


<AA + 


\x-Zk{0\ ^+^df + 


) 

k-?o|>2Adfc(3;) 

ilzkiO 

- ^fc(^o)| - dkix))~‘^‘^~^df 

J\^-io\>2Adk{x) 


/I,. 



\2«+tL; 


d^ 


Jt 

which is bounded by C(q!, 7)^4 due to 2a < and A > 1. 

The above results lead to the following lemma, from which Proposition |1.3 will follow 


□ 


Lemma 5.6. Consider the setting of Proposition lA and assume that uj is a patch 


solutionto (1.1)-(1.2) on[0,T). Then^t{x) is unique for each {x,t) £ (-D\5f2(0)) x [0, T), 
and for each T' G (0,T), there is B < oo such that dt{x) := dist(a;, satisfies 


dt{^t{x)) > e ^^do{x) 
for each {x,t) G (5 \ c?f2(0)) x [0,T']. 


and 


(*ht(a ;))2 > e X 2 


(5.7) 


Proof. Let ^4 > 1 be such that 


A > sup 

te[o,T'] 


max |||f2fc(t)||| 

k 


1.7 


+ maxdist {dVLk{t)^ dVtiit)) 

k^i 


-1 


2+7 


and let B := C{a,'^)NA'^i, with C'(q!, 7 ) from Corollary 5.4 and Proposition 5.5, To 
satisfy the hypotheses of Proposition 5.3 on [0,T'], we will assume that < 1 and 
that the lengths 27iLk{t) of dQk{t) satisfy Lk{t) > 1 for all k and t G [0,T']. As we 


remarked before Lemma 5.1 and before Proposition 5.3, these two assumptions are not 


essential and can be removed by adjusting the constants involved in the bounds with 


extra factors of A and 0 := J2k=i \^k\- One can also see this by a scaling argument. 
Specihcally, the scaling 9k ■= 9kQ~^ and flkit) ■= yields a patch solution 

u on [O,A^"0T). Choosing X := A makes any constant speed parametrization Z{t) of 
dCl{t) satisfy inftg[o,2i2c»07./] |5fc(7r, f) — Zk{0,t)\ > for each k because F[Z{t)\ < A. Hence 
> 2.TT for each k and t G [0,T'], and of course \9k\ < 1. If the result holds for 6k 
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and Qk on [O,y4^“0T'], then it also holds for 9k and Qk on [0,T'], bnt with B replaced 
by 

Fix now any x E D\ 9^2(0) and let T' < T be any time snch that $*( 0 ;) ^ dfl{t) for all 
t < T'. To prove the lemma, it snffices to show (5.7) with this T' and the B from above. 


The second claim in (5.7) now follows directly from Proposition 5.5, so let us consider 
the hrst. Notice that the function f{t) := dt{^t{,x)) is Lipschitz on [0,T'] (this is proved 
via the argument from Lemma 4.10). Note that while / depends on x, we will suppress 
this in the notation. Hence f exists almost everywhere and f{t) — /(O) = f{s)ds for 
t G [0,T']. Gronwall’s inequality now shows that if the hrst claim in ( 5.7[ ) does not hold 
for some t G [0, T'], then there must be s G [0, t] such that /(s) > 0 and f'{s) < —Bf\s). 
Let a := —|(i?/(s) + /'(s)) > 0 and let 5 > 0 be such that 


\u{x'', s”) — u{x', s)] 


^s{.x) — x' 


|<Fs(x) — x'\ 


< Bf{s) + a 


(5.8) 


whenever \x" — $s(x)| < |s" — s| < and \x' — P\ < 6 for some P G dQ{s) such that 

|$s(x) — P\ = f{s). Existence of such S follows from continuity of u (which holds by the 
last claim in Lemma 3.1) and Corollary 5.4| because (5.3) shows (5.8) with {x",s",x') : = 
(<hs(x),s,P) and Bf{s) instead of Bf{s) + a. 

Let now 6' := infa,/g 5 |‘hs(x) — x'\ — f{s) (with P := cx) if S' = 0), where 


S := {x' G 9r2(s) : i?(x', 5) fl 9r2(s) fl ^(^^(x), /(s)) = 0}, 

and notice that 5' > 0 since 9r2(s) is compact and so is S. Because of this, the distance 
of the points in S' (C 912(5)) from <Fs(3^) exceeds /(s) by more than a positive constant, 
and thus their dynamics will not affect f'{s). Also let h := (7“^ min{P, h} (< 5), where 
C := 2||n||ioo + a + 1. Since f'{s) = —{Bf{s) + 3a), there are s' G (s, s + h) with 
arbitrarily small s' — s such that 


/(s') < /(s) - (P/(s) + 2 a)(s' - s). 
Pick such s' so that we also have dn 


(6.9) 

(s'),X^'^7®^[912(s)]j <a(s' —s) (which is possible 

by (1.6)), and let Q G 912(s') be such that |<F<i'(x) — Q\ = /(s'). There exists Q G 912(s) 
such that 


\Q + (s' - s)u{Q, s) - Q| < a(s' - s). 


(5.10) 


Therefore 

|4)s(x)-Q| < |<hs'(x)-Q| + |<hs/(x)-<l)s(x)| + |Q-Q| < \^s'ix)-Q\+{2\\u\\L^+a)h < f{s)+5\ 
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which implies that Q G c?f2(s) \ S. Hence \Q — P\ < 6 for some P G c?f2(s) with 
I$ 5 ( 0 ;) — P\ = f{s). Let us now write 

- Q = ^s{x) - Q + $^'( 2 ;) - ^^(x) + Q -Q 

= ^s{x) - Q + f [n(<hs"(x), s") - u{Q, s)] ds” + (s' - s)u{Q, s) + Q -Q. 


Multiplying this equality by and using (5.10), we obtain 


|<l)s/(x) - Q\> |<l>s(x) - Q\ 


[m(<1)s//(x),s") - m(Q,s)] 


<l)^(x) - Q 


|<l)^(x) - Q\ 


ds” — a{s' — s) 


> f{s) - {Bf{s) + 2a)(s' - s), 

where in the last step we used that \Q — P\ < 6, and that from ||m||loo/i < <5 we have 


|<l>s»(x) — $s(x)| < 6 for any s" G [s,s'], so (|5.8[) applies. The obtained inequality 


contradicts (5.9), and the proof is finished. 


□ 


Remark. We note that the argument above can be extended in a straightforward 
manner to show that for (x,f) E {D\ 9f2(0)) x [0,T] we in fact have 


<ht(x) - P 


^dt{^t{x)) = inf - u{P,t)] 


P\ 


(5.11) 


where ^ is the right derivative. The left derivative has sup in place of inf. 


Proof of Proposition 1.3[ (a) This follows from Lemma |5.6| and smoothness of u away 
from dkl (see Lemma 3.2). Indeed, these show that ■ [D \ 912(0)] —?• [D \ 9f2(t)] is 


injective, and it is surjective by solving the ODE in (1.4) backwards in time, with any 


given terminal condition <ht(x) = y E D \ dkl{t). Note that all estimates of Lemma 5.6 
still apply in this case. 

(b) First note that <I)i : [D\ 90(0)] —)• [D \ 90(t)] is measure preserving because it is 
such when restricted to any closed subset of D \ 90(0) (due to V ■ u = 0, compactness 
of 90(f), and its continuity in time). Continuity of ‘ht(x) and 90(f) in time also shows 
that <I>t must preserve connected components of D\ 90. 


In addition, since the ODE in (1.4) has unique backwards-in-time solutions with ter¬ 


minal conditions <hi(x) = y E D \ 90(f), and they satisfy x E D \ 90(0) (due to 
■ [D\ 90(0)] —)• [Z) \ 90(f)] being a bijection), any <I>t(x) for (x,f) G 90^(0) x [0,T) 
must be in 90(f) (and hence in 90fc(f) by continuity). We then also have that for each 
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t G [0,T) and y G dVtk{t) there is a solution of (1.4) such that = y (obtained by 


solving (1.4) backwards), and being a bijection shows that we must have x G 911^(0). 


Finally, (1.8) together with uniform continuity of m on a neighborhood of the compact 


set dVt{t) X {t} shows that (1.6) holds for each t G (0,T). Hence a; is a patch solution to 
(frT|)-(fL2| on [0,T). □ 


1.4 


Proof of Theorem 1^. This is identical to the proo 
in the case H = M x M’*', but with Theorem 

Corollary 


D = W [^, so that Proposition 4.5 
with a G (0, |). 


2 . 

4 ?^ 


of Proposition 1.3 and Theorem 


being valid for all a G (0, |) when 


and Theorem 4.12 then also hold 

□ 
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